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∀ t ≥ 1, volB(o, t) ≥ Co volB(o, 1)tν å +ë
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φ∗g − gRn = O(r−τ )
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|Rm| = O(r−2−o )
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∀ t > 0, volB(o, t) ≤ Btn,
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∀n ∈ N, lk(tn)2 = k2 + 4t2n sin2(kθ/2) ≤ C2.
æ  8
(tn)













∀x, ∃B, ∀ t ≥ 1, volB(x, t) ≤ Bt2.
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∣∣∣∣ θ2pi − mk
∣∣∣∣ ≥ Ck1/α .
$5b|8ãﬁ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|kθ − 2pim| ≤ 1
4
















õﬁ8Ô + Ł ½ö@8












































|w − v|2 = k2 + ∣∣eikθ − 1∣∣2 s2. ç/ãﬁŁßàêã78 w 8 v ﬁuñ##Łß85ﬁ5785 33ßFæµãﬁß8 Bˆ æµ5_ k ≤
|w − v| ≤ 2Ctα ≤ tα. ﬁﬁŁßêÛã7æµ57àEå'
>D @ëFæµãﬁñæµßﬁ85ﬁŁñó:
|w − v| ≥
∣∣∣eikθ − 1∣∣∣ s ≥ 4Ctα−1s.










æµ5õŁßà#|æ>à8 õﬁ8ﬀ + Ł576öÛŁ6 |v − xˆ| ≤ Ctα, êãﬁŁ
Ł oﬁŁßêã78ﬂuñ + Ł576öÛŁ6ó#ñ#Ł5ﬁö>ãﬁŁñ8½:







t ≤ (2C) 11−α .

Ł) +,æµ53à#ãﬁﬁ|æ>à8
t ≥ T := 2(2C) 11−α læµ5.;ßﬁŁß85 æµ5Û#ñ6rêÛã78 Bˆ ñ899æµãﬁôñ8&ãﬁ578Eà8ãﬁß8ﬂò]æµŁßà B 
õ+,æ)( ß8ñ69àãﬁ² D
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t ≥ 1 D7%8ﬁñ#Ł57Ł|8óõﬁ89à#ŁñæµŁñàõﬁæµ5ﬁ578&ãﬁ5 85Û#Łß8ñ k õﬁ8 [1,√t] 8%êã78
2 |sin kθ/2| =




2 inj(t) ≤ lk(t) =
√
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N ! 8 mN
85#Łß8ñ Dußæµñà
kdN





n ≥ N + 1 
N !d− n! = N !d− n!/2− n!/2 ≤ N !(d− (N + 1)/2) − n!/2
885 àãﬁﬁFæ>à²5
N ≥ 2d− 1 7æµ52#ñæµãﬁô@8
kdN
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2d− 1 Du/5 |æ>à²5Û tN = kdN = 10dN !
ﬁæµ5 ô@æµŁêã78
lkN (tN )









t−aN inj(tN ) ≤ Ct−aN t1/dN ,
õ+,æ)(
∀ a > 1/d, lim inf
t−→∞
t−a inj(t) = 0.
/989ŁC89à#ôñ²ŁFæµãﬁñ
d ≥ 1 D 
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2 × Sn−2 |9ô@89 n ≥ 4 D%8
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+× S1 × Sn−2
æµ5
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X
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n−3 æµßﬁ85Ûã78E9æ  8&#ñ²µ98




n−2 ﬁæµ5ﬀà + |8ñ  9æµŁêÛã78
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∗
+ × S1 × Sn−3
89à#ã7àà#Łãﬁ578
éè|8ñà#ãﬁñ0ò µ98Ôæµ²ß885ö@69æ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∇∂r∇∂r∂t + Rm(∂r, ∂t)∂r = 0,
õ+,æ)(
Sect(∂r ∧ ∂t) = −(∇∂r∇∂r∂t, ∂t)|∂r ∧ ∂t|2
=




Sect(∂r ∧ ∂t) = −(FF
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Ł57õãﬁŁ8
gr = F (r)
2dt2 +G(r)2dσ2.














Sect(∂ω1 ∧ ∂ω2) =
1
G2





















































































β ∈ R :
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6#ñ#Łßêã78&à#ãﬁñ
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2 × Sn−2 7æµ5 89à# 8576@;Fæ>à²8ñ
F (0) = 0
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 ∞ 85Xñ89à#²5Ûr9æµ5Ûô@8 ﬁ8 )õﬁ8oﬁã7à ﬃ + Ł575ﬁŁ Cæµ5  G(r) =





u ô@89 r + Ł575ﬁŁ 






































2γ/(n− 3) D7æ  8 ρ à89æ oFæµñ#8,ó + Ł575ﬁŁ9æ  8
r
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= Sect(∂r ∧ ∂t) = −F
′′
F
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G
õﬁæµ5ﬁ578
(Rm(∂ω1 , ∂ω2)∂ω1 , ∂ω2)
|∂ω1 |2 |∂ω2 |2






Rm(∂r, ∂ω)∂t = Rm(∂ω1 , ∂ω2)∂t = Rm(∂t, ∂r)∂ω = Rm(∂t, ∂ω1)∂ω2
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) 7ßﬁñ²#Łßæµ5eõﬁ8½!æµòEå57æ óßﬁñ8ﬃõﬁ8¢é78ñ#5 : −1 ëﬂF8ñ8;õﬁ8ô@æµŁñ R4\ {0} = R∗+ × S3



























3 à +,69ñ#Ł85.|æµŁñ89à r2dr ∧ Ω å Ω 89àoòÚæµñ8Eô@æµã 8Eõﬁ89à
à#ﬁé!ﬀñ89à®ë/7õﬁ8ﬂàæµñ#8&êã78oõﬁ6/75ﬁŁ#Łßæµ5
dV ∧ ∗dV = |dV |2 r2dr ∧ Ω






Xµàà8 õﬁ839æµé7æ æµßæµö>Łß8.õﬁ8 − Ω4pi
















Tr(∗dV ⊗ i id) = − Ω
4pi
|8ñ8Eõﬁæµ57¢õﬁ8oß #Łñrãﬁ578½9æµ5ﬁ578 Łßæµ5dõﬁ8½9æµãﬁñ#ßﬁãﬁñ8 ∗dV ⊗ i idC àãﬁñ&ß8 7ßﬁñ6½ﬁñ#Ł57Łu pi D
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ﬁæµ5 ô@æµŁêã78ﬂß8ﬂ9æ o|æµñ#885Ûõﬁ8 6#ñ#Łßêã78ﬂﬁñﬃﬀ9àõﬁ8
0
89à#
g ∼= dρ2 + ρ2 gˆS2
4
+ ρ2ω2 = dρ2 + ρ2gˆS3 .
$5M|8ãﬁ&õﬁæµ57;ﬃ9æ oﬁß68ñóuñﬂãﬁ5M|æµŁ5Û85ô@æ è@6½àãﬁñﬂ +,æµñ#Łö>Ł578õﬁ8
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3 uñ pi
Fõﬁ8rò   9æµ5 
æµßﬁ85ﬁŁñãﬁ578 6#ñ#ŁßêÛã78;à#ãﬁñ
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8ã7ŁßõŁß85ﬁ578Eà#ãﬁñ
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3 D7%8 Łßà#8ﬂõﬁæµ57óõﬁ89à9æµ57à#²5Û89à B ≥ A > 0 8ß89àêÛã78
∀R ≥ 1, AR3 ≤ volB(x,R) ≤ BR3.
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êã78rò]æµñ8ﬂõﬁ8   éﬁß8ñ
dxˆ ∧ (dt+ θ) + Vˆ dyˆ ∧ dzˆ
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|v1| |v2| |v3| |∂t| = 2
(Rm(v1, v3)v2, ∂t)
|v1| |v3| |v2| |∂t| = 2
(Rm(v3, v2)v1, ∂t)
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|v1| |v2| |v3| |∂t| = 2
(Rm(v1, v3)v2, ∂t)
|v1| |v3| |v2| |∂t| = 2
(Rm(v3, v2)v1, ∂t)
|v3| |v2| |v1| |∂t| =
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3\ {p1, · · · , pN} uñ
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E = {{i, j} ⊂ V / i 6= j, Ui ∩ Uj 6= ∅} ;
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m(i, j) = max(m(i),m(j))
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∀ f ∈ C∞(U ]i ),
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f ∈ C∞c (A)
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|fUi,λ|q λ(Ui) ≤ Sd
∑
{i,j}∈E
∣∣fUi,λ − fUj ,λ∣∣q max(λ(Ui), λ(Uj)).



































































































q ≥ p Ł%ôŁß85Ûó:
∑
i∈V
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f ∈ C∞c (A)
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‖f − fA,λ‖Lq(A,λ) ≤ ‖f − c‖Lq(A,λ) + ‖c− fA,λ‖Lq(A,λ)
= ‖f − c‖Lq(A,λ) + |fA,λ − c| λ(A)
1
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= 2 ‖f − c‖Lq(A,λ) ,
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|f − fA,λ|q dλ ≤ 2q
∫
A























|f − fUi,λ|q dλ+ 22q−1
∑
i∈V
|fUi,λ − c|q λ(Ui).
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|f(i)− f(j)| (|f(i)|γ−1 + |f(j)|γ−1)m(i, j).
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C(n, κ)−1 ≤ vol (B(x, κt)\B(x, t))
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vol(B(x, t)\B(x, κ−1t))
vol(B(x, κt)\B(x, t)) ≤
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¸ß¯ B(x, t)  ³µ°2Ùµ¹­O¶³­ ¯
ÙÛ¯ó¸ ¹°F¬ Û¾µ¸º¹Ú±O¬rÙÛ¯ª³µ¹° ¾µ«¬
Lp
∀ f ∈ C∞(B(x, t)),
∫
B(x,t)
∣∣f − fB(x,t)∣∣p dvol ≤ C(n, p) tp ∫
B(x,t)
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H1(U)⊕H1(MR) −→ H1(M) −→ H0(U ∩MR) −→ . . .







0 −→ H0(U ∩MR) −→ R⊕ Rk −→ R −→ 0,
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∀ f ∈ C∞c (M), ∀ t > 0,
∫
B(o,t)
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volXl ≥ V (xl, 2l−3R) ≥ C−1D 11− log2 CDV (o, 2lR).
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∀ f ∈ C∞(Aδ),
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Vi = B(xi, s)

V ∗i = V
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∀ i, j ∈ V, vol(Vi)
vol(Vj)
≤ (1 + 6κ/δ)n,
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∀ f ∈ C∞(V ∗i ),
(∫
Vi
|f − fVi |q dvol
) 2
q
≤ C(n, κ, δ)R2V (o,R)−2/n
∫
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 =@ë
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∀ f ∈ C∞(V ]i ),
(∫
V ∗i
∣∣f − fV ∗i ∣∣q dvol
) 2
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l := max {i ∈ Z, ∃ a ∈ [0, hi], (i, a) ∈ Ω} .
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¬®«®¹ }¯&¸ ¹§°F¬ @¾µ¸ ¹±O¬
∀ f ∈ C∞c (M),
(∫
M





























 ﬂ8½ßFæµ5dñ899æµãﬁôñ885 D)æµ#ñ8½²é7æµŁ Xõﬁ8|æµŁßõﬁàEµàà#ãﬁñ8 + Ł576öÛŁ6Ôõﬁ8Ô
æµß|æµß8ôQ9æµ5Û#Ł5ã78









































æµ5798ñ#5u5 + Ł576öÛŁ6rõŁßà²ñﬃﬀ8uæµ5ﬀﬁñæ.ﬀ9õﬁ8r9æ  8Eõ757àoﬁñ8ãﬁô@8Eõﬁ8E<D <D
 DF	àà85û







































r<D <D + l
Ł
β = 1
 + Ł576öÛŁ6óà +,69ñ#Ł
∀ f ∈ C∞c (M),
(∫
M

















½ Ł ½ß8ë&85Xö@6576ñ² )98êãﬁŁ	ßﬁñ#Łßà8½æµãﬁE89à#|æµŁñóõ+ Ł576öÛŁ6¢õﬁ8Ô
æµß|æµß8ô
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+,æµß08õﬁ8989æµãﬁñ#}uñ²ö>ñ²ﬁé78&89à#}õ+,8 ﬁŁßêã78ñ98êÛã78 + Ł576öÛŁ6&õﬁ8&
æµßFæµß8ô &|æµŁßõﬁà
àæµã7à&ÔòÚæµñ8õﬁæµ5ﬁ57698uñ&ﬃñ8½ñêã78½<D <D Ł oﬁŁßêã78à#ãﬁñﬂ2ñæµŁßààØ5798õãMô@æµã 8õﬁ89à





Mn  n ≥ 3  ´°|¯  ¾>«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯ ³>°7°F¯#øÛ¯





α ≥ 0  S > 0 ±O¯®¸º­ó»´ﬁ¯
∀ f ∈ C∞c (M),
(∫
M





























æ  8 õ+ éußﬁŁ#ã7õﬁ8	Fæ>àæµ57à
q = 2n/(n − 2) > 2 D/Ł æµ57à R ≥ 2 8 0 < t ≤ R/2 /8
9æµ57à#Łßõﬁ6ñæµ57à3òÚæµ57#Łßæµ5hŁ7à²éﬁŁ=<
















|f |q r−αdvol ≥ (t/2)q(R + t)−α vol(A(R − t/2, R + t/2)
8 ∫
M
|df |2 dvol ≤ vol(A(R − t, R+ t).
	+ Ł576öÛŁ6Eõﬁ8E
æµß|æµß8ô¢õﬁæµ5ﬁ578:
(t/2)2(R + t)−2α/q vol(A(R − t/2, R + t/2)2/q ≤ S vol(A(R − t, R+ t).
/²5&õﬁæµ5ﬁ576











i ≥ 1 
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Mn  n ≥ 3  ´°|¯  ¾>«Ø¹ ¬±O¬½«Ø¹ ¯®¼¾µ° 
°7¹ ¯®°7°|¯ ²³µ¼¶l¸ 9±O¯ ³µ°7°|¯#øÛ¯¯±  ³µ´«9·´«¯½Ù¯ì¹ ¹%¶³­Ø¹Ú±Ú¹ ¯ ﬁ  ¹ø@³µ°ﬁ­





















µ¬®«Ø¹ ¯ó¸ ¹°F¬ @¾>¸º¹Ú±O¬rÙÛ¯&¾µ«#ÙµÝ
∀ f ∈ C∞c (M),
∫
M




















k = ∞ Dﬁæµã7à}ãﬁ#ŁŁßà²æµ57à}ß8  ﬂ8ßFæµ5ﬃñ899æµãﬁôñ8®û
85 U êã78Eõ757àß8ruñ²ö>ñ²ﬁé78rﬁñ69969õﬁ85Û%85.ñ8½ñêÛãu5&êÛã%+ Ł89à#8579æµñ8rßFæµ5.Fæµãﬁñ
uŁñ8;õﬁ8 89à#ãﬁñ89à
(r−pdvol, dvol)
D%æµã7à9ô@æµ57àﬂß|89àæµŁ5bõ+ ãﬁ578EŁ576öÛŁ6;õﬁ8;ç)æµŁ57 ñ6o9æµ5#Ł û
























∣∣f − fUi,a∣∣p r−pdvol
õﬁ8&à²æµñ#8ﬂêÛã%+  ô@89E<D <D 
∫
Ui,a
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 F³µ¹Ú±
M








M |f | r−1o dvol∫
M |df | dvol
.
 
n  \E{~0yl/s vrt Gw¢w~t  ¢wvrs tyw Ôz|{}ylt  EzFs vrt Gx|pEz
vr tzn
+ Ł576öÛŁ6oõﬁ8;

















∀ f ∈ C∞c (M),
(∫
M























Ric ≥ 0 ãﬁ5ﬁŁßêã7885Ûõ757à
<D D o8<D D +3åFæµãﬁñµà²à#ãﬁñ8ñ;ﬁñæµﬁñ#Łß66óõﬁ8ﬂõﬁæµãﬁßﬁß885õã2ô@æµã 8ë®D
æµã7à9æµ57à#Łßõﬁ6ñæµ57àãﬁ5 7ßﬁñ6rô@89æµñ#Łß88ã7ŁßõŁß85.Łßà²à8
E −→ M Eãﬁ5ﬁŁõ+ ãﬁ578r9æµ5ﬁ578 Łßæµ5
9æ ou#Łßﬁß8 ∇ Dæµã7àﬃ57æµ8ñæµ57à æµã)#æµãﬁñà (., .) ß8.ﬁñæõãﬁŁ3à Łñ8bFæµ57#ã78&àãﬁñ2ß8 7ßﬁñ6
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ŁßæµãﬁôŁß8 *%ö@6576ñ²ŁßàØ5Û ﬃä}ñ  åô@æµŁñ
ﬃ,ç	
ﬂ |æµãﬁñóõﬁ89à&ñ69àãﬁ²àó85XŁß85lë®D)OõŁóêÛã%+ Ł5%+ èXﬃuµàóõﬁ8à²89#Łßæµ5X57æµ5X#ñ#ŁôŁß8êãﬁŁ89à#


































(∆σ + V σ, σ) ≤ 0 ¯±∫
A(R/2,R)



























M\B(2R) Cﬁñ857õ à89àóôµß8ãﬁñàrõ757à [0, 1] 8óô@6ñ#Ł u8 |dχ| ≤ 2/R D$5eﬁﬁŁßêÛã78Ô + Ł576öÛŁ6
õﬁ8;






































≤ (1 + 1/b)
∫
M





































































a < 2− 2/m ﬁŁ%ôŁß85Û∫
M
χ2









































2(2 − 2/m− a) .
%8&F8#Ł ßãﬁ










































|dχ|2 |σ|m +D(m,a, b)
∫
M
χ2 |V−| |σ|m .
	+ Ł576öÛŁ6Eõﬁ8&! 8µßõﬁ8ñŁ oﬁŁßêÛã78Eßæµñà
∫
M
χ2 |V−| |σ|m ≤
∫
M
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  ﬀ
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2 ρ(r)dvol < ∞ ? /5Mµõ7ﬁ²5Ûãﬁ578




∆σ+V σ ≤ 0 Dµæµã7à	ßæµ57àﬁñæµãﬁô@8ñ/#ñæµŁßàß8 89àö@6576ñ²ã;8
57æµã7àô@8ñ#ñæµ57à	ﬁã7àßæµŁ5.åÚ®ò#DÛ<D

ë/9æ  85ß89àãﬁ#ŁŁßà8ñõ757àãﬁ5Ô9æµ58 8ö@69æ 6#ñ#ŁßêÛã78råÚæ)(½ß8
|æµ85Û#Łß8C8rà89#Łßæµ5 à²æµ5Ûñ8Łß69àØë®Dﬁ+ Łßõﬁ698ﬂ89à#õﬁ8ﬁñ²#ŁßêÛã78ñãﬁ578Ł6ñ²#Łßæµ53õﬁ8-.æ>à8ñ&:>+,89à#
ß8ﬀ#ñæµŁßà#Łﬁﬀ8ﬀß8 8µàà#Łßêã78>D-bŁßà¢98 ß8 835782ò]æµ57#Łßæµ5ﬁ5783êã78ﬀàæµã7à½ãﬁ578ﬀéè|æµ#é!ﬀ9à8
89²éﬁ5ﬁŁßêÛã78QàãﬁñÔß8b|æµ85Û#Łß8 õ757àﬃdﬁñ²#Łßêã7898#8béÛèFæµ#é!ﬀ9à8b|æµãﬁñ#ñ² ﬂ#ñ8bôµŁßõﬁ698b85
ﬁﬁŁßêãu5Ûß8Ôﬁñ8oŁß8ñoß8 8>D/%8ﬃõﬁ8ãŁﬁﬀ8ﬃß8 8289à#E.ß6ﬃõ+ ãﬁ5_ﬁé7657æ  ﬀ5782õ+ ãﬁæû
 6Łßæµñ²#Łßæµ5.õﬁ89à89à##Ł 6989àõﬁæµ557æµã7à#Łñ8ñæµ57àuñ##Ł D
æµã7à9æµ57ãﬁñæµ57à98#8uñ##Łß8&uñãﬁ578&89à#Ł 698&õﬁ8OèF8ó-3æ>à8ñ½Łßà85 ﬁñ69à85798&õ+ ãﬁ5
8ñ8&à²æµãﬁñ98>Dl8#8&89à##Ł ½#Łßæµ5.89à#ßFæµ5 ½ñ²é76ó88ß8&à+ 9ô@6ñ8ñ²oãﬁ#Łß8&ﬁã7àßæµŁ5%D
ï	 F ¢<D D <


































/5 ﬁñæ969õ75Ûo9æ  8Ôõ757àr ﬁñ8ãﬁô@8¢õãd#é76ﬁñﬃﬀ8ﬃõ+ 5ﬁ5Ûãﬁ#Łßæµ5/æµ5 #ñæµãﬁô@8½|æµãﬁñ
u :=

















































































































































áﬂ¥Û úC '¥ º|%|¨ #7¥Û¨âF¨)©   u´ ¶Û¶³­³>°ﬁ­2»9´ﬁ¯
V−
¾Ø¶@¶ﬁ¾µ«®±Ú¹ ¯®°7°|¯ 
¸ ¯®­ ¶¾ Ø¯
Ln/2(ρ(r)dvol)
























|σ|m dµρ = O(R−a).
	


























































|dχ|n ρ(r) ≤ CR−nρ(2R) volA(R, 2R) ≤ C
8 ∫
A(R′,2R′)
















ô@8ñà + Ł575ﬁŁ uæµ5%0ã7à##Ł u8ﬂrﬁñ8oŁﬁﬀñ8óuñ##Łß8&õﬁ8ﬂ +,657æµ5796:
∫
M\B(2R)
|σ|m ρ(r)− 2n−2 ≤ C
∫
A(R,2R)
|σ|m ρ(r)− 2n−2 .

Ł +,æµ5 Ł5Û#ñæõãﬁŁ¢Xò]æµ57#Łßæµ5
I : R 7→ ∫M\B(R) |σ|m ρ(r)− 2n−2 æµ5iô@æµŁ2êÛã%+,8ß83ô@6ñ#Ł u8











log2R/R1 ≤ kR < log2 2R/R1.
 578
Ł6ñ²#Łßæµ5.õﬁ8 + Ł576öÛŁ6Ôå]<D


























æµã7à2ßæµ57à ½Ł5Û85u5 ﬁñæµãﬁô@8ñ õﬁ89àﬃ89à##Ł ½#Łßæµ57àﬃŁ oFæµñ#²589à2|æµãﬁñ¢dà#ãﬁŁ8 ½Łßà
#ñﬃﬀ9àrµàà#Łßêã789à D%çæµãﬁñEß89àræµßﬁ85ﬁŁñæµ5X|æµãﬁñ#ñ²Łrà8½õﬁ6ßﬁñæµãﬁŁß8ñ;àØ57à&|æµŁßõﬁà) ô@8950ã7à#8ãﬁ578
Ł576öÛŁ6Qõﬁ8X
æµß|æµß8ôßæ ß8Mà#ãﬁñﬃß89àﬃß|æµãﬁß89àXåÚ9æ  8Mõ757à ﬃä








ô@8ñà + Ł575ﬁŁ D
ï	 F .<D D +
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χ2 |σ|β |V−|+ C
∫
M

































































χ2 |σ|β |V−| ≤ 
(∫
M














































R1 < R2 < 5R1
8





















≤ Cρ(R1 − δ)
2




|σ| qβ2 ρ(r)− 2n−2
) 2
q
≤ Cβtρ(R1 − δ)
2





































, δk := 2
−k−1R, R1,k := R−
k∑
i=1





















































C8;ß8 8oà#ãﬁŁôµ5ö@6576ñ²Łßà8o +,89à##Ł 698
L∞









x > n/2 
¸ß¯}¶ﬁ³>±O¯®°u±Ú¹ ¯®¸
V






















































































|σ|2 +  8 u := v + F Dﬁ/5 57æµ²5êã78
v∆v ≤ (σ,∆σ) ≤ |σ| (|V−| |σ|+ |φ| |σ|)
8õﬁæµ57
∆v ≤ |V−| v + |φ| ,
æµ5 #ñæµãﬁô@8
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  ﬀ # ﬂ  




  ﬀﬃ# 
æµã7à²é78ñé7æµ57à .ñ69à²æµã7õñ8







õ+,89à##Ł ½#Łßæµ57àDuCrﬁñ8oŁﬁﬀñ8Eõﬁ699æµãﬁß8&#ñﬃﬀ9àôŁ8ﬂõﬁ8ﬂ + Ł576öÛŁ6óõﬁ8ó
æµß|æµß8ô rFæµŁßõﬁàD
ï	 F .<D D   ÷}± ¾µ°u±Ù@³µ°7°F¬ 2n










































|σ|k ∆(|σ|k) ≤ k
∫
M
|σ|2k−1 ∆ |σ| .
!+










|σ|2k−1 ∣∣∆σ∣∣ = k ∫
M
|σ|n(s−1)n−2s ∣∣∆σ∣∣ .






























ï	 F 2<D Dä?  ÷}± ¾µ°u±/Ù@³µ°u°F¬Ø­
t > n/2
¯±
x ≥ 1  ¹¸7Ý;¾E´°F¯ ³µ°7­®± ¾µ°u±O¯ C(n, x, t) ±O¯®¸¸¯»´7¯
¶³>´«ó± ³>´±O¯ó­ ¯9±Ú¹]³µ°b¸º¹§­²­ ¯ﬀ­Ø´¶@¶³µ«± ³µ¼¶¾ 9±
σ 
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Ω 
¾µ¹°ﬁ­Ø¹»´ﬁ¯½ÙÛ¯®´>ø2°l³>¼·«#¯Ø­r«#¬²¯®¸ä­






















»´¹¹§° ¯®«Ø­9¯&¸¯ﬂ¸ ¾Ø¶F¸ ¾ 9¹]¯®°bÙÛ¯ ³ 	Û°F¯®«­®´«
Ω 




C = C(n, s, t)










































































êãﬁŁ|ò Ł}êã78Eò  oŁß8





















69ñ#Łñ8 ‖σ‖L∞(EK) = limi−→∞ ‖σRi‖L∞(EK)
ﬁõ+,æ)(



















































η(n, s, t, S) > 0
±O¯¸C»´ﬁ¯






















(∆ + V )−1 : Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩ Lt(EΩ, ρ(r)
t−1
n/2−1 dvol) −→ L∞(EΩ)





;+ ß|æµñõ#)Ł9æµ5ôŁß85½õﬁ8¢ñ8½ñêÛã78ñêã78¢ + 5uèà8 85u5½ã #é769æµñﬃﬀ8ﬃﬁñ69969õﬁ85½à + û







H−1 : Ls(EΩ, ρ(r)
s−1
n/2−1 dvol) ∩ Lt(EΩ, ρ(r)
t−1





∞(EΩ) −→ Ls(EΩ, ρ(r)
s−1
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   , 	  ﬀ*   ( % #&,.-/ﬀ 	 #  ﬀ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à#ŁC;57æµñ8óõã |æµ85Û#Łß889à#à²8ãﬁß885Û?75ﬁŁß8ußæµñàß8&57æ èÛãﬀñ89à8óõﬁ8&õŁ 857à#Łßæµ5 75ﬁŁß8 uæµ5






























−1/2 89à#¢9æ ouµ D	+ Ł576öÛŁ6bõﬁ8










































|σ| 2nn−2 ρ(r)− 2n−2
)1−2/n
,





















































−1/2 85257æµñ8&õ+,æµ|6ñ²8ãﬁñ Duæµ57 V
1/2
− H




































H1/2σ ∈ L2(E) D
æµŁ χ ãﬁ536ß685ﬂõﬁ8 C∞c (E)
D








∣∣∣V 1/2− χσ∣∣∣2 .
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∫
B(R)c







σ ∈ H−1/2L2(E) uæµ5ﬀõﬁ69õãﬁŁ
V
1/2

















− σ = H
−1/2V−σ ∈ L2(E).
89ŁöÛñ²5#Łêã78
(Id−H−1/2V−H−1/2)H1/2σ 89àõ757à L2(E) Dﬁçæµãﬁñ φ õ757à C∞c (E)
7æµ5
|8ãﬁ69ñ#Łñ8
< H(Id−H−1/2V−H−1/2)H1/2σ, φ > = < H(H1/2σ −H−1/2Hσ), φ >






(Id−H−1/2V−H−1/2)H1/2σ 89à#ãﬁ5ﬀ6ß685õﬁ8 KerL2 H = {0}
:
(Id−H−1/2V−H−1/2)H1/2σ = 0.
%à +,85 à#ãﬁŁêã78ß857æ èÛã.õﬁ8
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´° ­³µ´­ #¯Ø­ ¶¾ ²¯ﬀ¯9± ³µ«®¹ ¯®¸ L Ù¯
L2(M,λ) 
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1/2 Fõﬁ8ràæµñ#8;êã%+ 9ô@89; + Ł576öÛŁ6oõﬁ8o
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dλ = |V−|n/2 ρ(r)dvol 8 F : K −→ L2(E, λ) uñ
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 u´¶@¶³­9³µ°ﬁ­.»9´ﬁ¯3¸ß¯o¶³>±O¯®°u±Ú¹ ¯®¸
V
¬«Ø¹ ¯
V− ∈ Ls(EΩ, ρ(r)
s−1








C = C(n, s, x)
±O¯®¸§¸ß¯r»´7¯&¸¾¢Ùµ¹§¼½¯®°7­Ø¹]³µ°
ÙÛ¯
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æµß|æµß8ô ;FæµŁßõﬁà89à#ô>Łßõﬁ8ﬁß8ó#é769æµñﬃﬀ8Eõ+ 5ﬁ5ãﬁ#Łßæµ5eå]<D D
ëõŁñ²êã78&àæµã7à
ãﬁ578½éÛèFæµ#é!ﬀ9à8¢õﬁ8½9æµãﬁñ#ßﬁãﬁñ8)ß857æèÛã õ+ ãﬁ5d8æµ|6ñ²8ãﬁñEö@69æ 6#ñ#Łßêã78¢õﬁæµŁ ﬂ#ñ8½#ñ#ŁôŁ D
æµã7à57æµã7à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êã%+,æµ53rãﬁ578&õﬁ699æ o|æ>à#Ł#Łßæµ5ﬀõﬁ8 "Q8Ł=< 85ß28ﬃ3
∆k = ∆ +Rk,





õﬁ8 ﬁã7à Rk à +,æµßﬁ#Łß85¢ö@6ßﬁñ#Łßêã7885Û buñ##Łñ
õãb857à8ãﬁñﬂõﬁ8;9æµãﬁñ#ßﬁãﬁñ8>Dçñ&8 ﬁ8oﬁß8 R1 à + Łßõﬁ85#Ł u8ã.857à²8ãﬁñõﬁ8;Łß9Ł DFæ>àñ69à#ãﬁ²à




D æµã7àC57æµã7à%ñ6®ò]6ñæµ57à ﬃä}ñ ÛFæµãﬁñ)ß89àCõﬁ6/75ﬁŁ#Łßæµ57à DŁßàæµ57àCàŁ oﬁß885ÛêÛã78 HkL2(M)
à + Łßõﬁ85#Ł u8óã257æ èÛã3õﬁ8
∆k












q = 2n/(n− 2) 7æµ53;õﬁ6/75ﬁŁ)õ757à<D D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Mn  n ≥ 3  ´°F¯¾µ«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯
³>¼¶F¸ ±O¯ ²³µ°7°F¯#ø¯E°l³µ°  ³µ¼¶¾ 9±O¯½¯±¬«Ø¹ ¾µ°u±%¶³µ´«&´° ²¯®«± ¾µ¹§°Ô¶³>¹§°u±
o

∀ f ∈ C∞c (M),
(∫
M













∥∥Rk−∥∥L n2 (ρo(ro)dvol) <∞  ¾µ¸³µ«²­ dimHkL2(M) <∞ 

­Ø¹
∥∥Rk−∥∥L n2 (ρo(ro)dvol) < So(M)−1  ¾>¸ ³µ«Ø­ HkL2(M) = {0} 

­Ø¹
∥∥Rk−∥∥L n2 (ρo(ro)dvol) ≤ So(M)−1 ιq(k)ιq(N0) ¶ﬁ³µ´«ﬀ´° ²¯®«± ¾µ¹°'¯®°l±Ú¹]¯®« N0 ≥ (nk)  ¾µ¸³µ«Ø­
dimHkL2(M) ≤ N0 

¶³µ´« 2n
n+2 ≤ s < n/2 < t 
¹¸7ÝE¾E´°|¯ ³µ°ﬁ­± ¾µ°u±O¯
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Mn  n ≥ 3  ´°F¯) ¾>«Ø¹ ¬±O¬r«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³µ¼¶l¸ ±O¯ ³µ°7°F¯øÛ¯  
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 F³µ¹Ú±
Mn  n ≥ 3 
´°F¯  ¾µ«®¹]¬9±O¬ «®¹ ¯®¼¾µ°7°7¹ ¯®°7°F¯ ³µ¼¶l¸ ±O¯ ³µ°u°F¯#øÛ¯
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Scal ∈ Ls(EΩ, ρ(r)
s−1





















n/2−1 dvol) ∩ Lx(EΩ, ρ(r)
x−1
n/2−1 dvol)






















v = 1 + u
ﬁæµ5ﬀ89à#ñ² 8576 oñ69àæµã7õñ8
∆gu+ cn Scalg u = −cn Scalg









n  Kﬃt/s {zFyF/s IV²x)x ;~{}ylt/sn
     # -   # ﬀﬃﬂ ﬀ(+*,.-  -	 ﬀ 
æµã7à&ßæµ57àô@æµŁñ&êã78E + Ł576öÛŁ6oõﬁ8½
æµß|æµß8ô Ô|æµŁßõﬁàﬂ8 + Ł576öÛŁ6oõﬁ8o!ñõè.õﬁæµ5ﬁ5785Û
õﬁ89àŁ5ò]æµñ½#Łßæµ57à&õ757àß8; µõñ8oõﬁ89àôµñ#Łß669àﬂŁß9Łﬁ89à|Ł D,8>D#Ô9æµãﬁñ#ßﬁãﬁñ8½õﬁ8rŁß9Ł5Ûãﬁß8>D










#ñæµ |8#Ł8  à8ñ²;ﬁñ69Łßà6&ﬁã7àßuµà D7	+,æµãﬁ#Łß6&89à#ãﬁ578ﬂﬁñæµﬁñ#Łß66Eõã 857à8ãﬁñ
õﬁ89æµãﬁñ#ßﬁãﬁñ8õﬁ89àô>ñ#Łß669àŁß9Ł û ﬁ89à DBŁß85¢à 	ﬁñ@Ł|à8ñ69õãﬁŁãÔ857à²8ãﬁñõﬁ8 "Q8è
W
 ½Łßà
à#ãﬁñ#æµãﬁŁô@6ñ#Ł u8&ãﬁ578ﬂ69êãu#Łßæµ5ﬀ8Łﬁ#ŁßêÛã78ó57æµ5 Ł576 Łñ8&õã è|8
∆W = W ∗W,
?	+




89à#&Łßõﬁ85#ŁßêÛã7885r5ãﬁ CàæµŁóŁà + 5ﬁ5Ûãﬁß8Ôà8ãﬁß885Û;à#ãﬁñ&ãﬁ5d857à8óßﬁß8Ôõﬁ8 89à#ãﬁñ8o5ãﬁß8>D
æµ57F85.õﬁ8é7æµñàõ+ ãﬁ5b857à8óßﬁß8;õﬁ8 89à#ãﬁñ8ó5ãﬁß8 |W | 89à#Łßàà²8ó8ô@6ñ#Ł u8Eãﬁ578r89à##Ł 698rõã
è|8







k ≥ 1 7æµ5 |8ãﬁ69ñ#Łñ8
























∆ |W |γ = γ |W |γ−1 ∆ |W |+ γ(1− γ) |W |γ−2 |d |W ||2




∆ |W |2 + |d |W ||2
)
+ γ(1− γ) |W |γ−2 |d |W ||2
= γ |W |γ−2
(
(W,∆W )− |∇W |2
)
+ γ(2 − γ) |W |γ−2 |d |W ||2
≤ c(n)γ |W |γ+1 − γ |W |γ−2 |∇W |2 + γ |W |γ−2 |∇W |2
= c(n)γ |W |γ+1 .
-bŁ5Û85u5l6²5õﬁæµ5ﬁ576
k ≥ γ ﬁæµ5ﬀF8ãﬁ69ñ#Łñ8 k = γl  l ≥ 1 7õﬁ8ﬂà²æµñ#8&êÛã%+,æµ5.
∆ |W |k = ∆(|W |γ)l
= l(|W |γ)l−1∆(|W |γ)− l(l − 1)(|W |γ)l−2 |d(|W |γ)|2
≤ l(|W |γ)l−1c(n)γ |W |γ+1
= kc(n) |W |k+1 .
/5 75ﬀõﬁ8ﬂ9æ oﬁ87|æµãﬁñæµãﬁ
k ≥ γ = n−3n−1
ﬁæµ5ﬀ2:
∆ |W |k ≤ c(n)k |W |k+1 . å]<D <>=@ë











































   ª³µ´«± ³>´±
n ≥ 4  ¹¸|¯øµ¹­±O¯ (n) > 0
±O¯®¸%»´7¯ﬂ± ³>´±O¯  ¾µ«®¹]¬±O¬ﬂ«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯ ³µ¼¶l¸ ±O¯ ³µ°7°F¯øÛ¯ì¹ ¹u¶l¸¾>±O¯
Mn
¬«Ø¹ ¾µ°u± SC(M) <
(n)





























D   ª³µ´«Ô± ³µ´±&¯®°u±Ú¹ ¯®«
n ≥ 4 ¯±± ³µ´­«#¬²¯®¸ä­ ν > 2 ¯± C > 0  ¹§¸}¯#øµ¹§­®±O¯
(n,C, ν) > 0
±O¯®¸	»´7¯o± ³>´±O¯)¾µ«Ø¹ ¬±O¬o«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯ ²³µ°7°F¯#ø¯Eì¹ ¹C¶l¸ ¾@±O¯
Mn
»´¹
¬«Ø¹ ¯¶³µ´«ó´° Ø¯®«®± ¾>¹§°Ô¶³µ¹°u±
o









|W |n2 ρo(ro)dvol < (n,C, ν)
¯Ø­±}¯° 9¾µ¹Ú±|¶l¸¾>±O¯ ﬁ


























   ª³µ´«± ³>´±
n ≥ 4  ¹¸|¯øµ¹­±O¯ (n) > 0
±O¯®¸|»´7¯± ³µ´±O¯  ¾µ«®¹]¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ²³µ¼¶l¸ 9±O¯ ³µ°7°|¯#øÛ¯ì¹ ¹¶F¸ ¾>±O¯
Mn
¬«Ø¹ ¾µ°u± HC(M) <
(n)

































χ2 |W |2k r−1 ≤ H
∫
M
∣∣∣d(χ2 |W |2k)∣∣∣ .





∣∣∣d(χ2 |W |2k)∣∣∣ ≤ 2 ∫
M








∣∣∣d(|W |k)∣∣∣2 r)1/2 .
çæ>àæµ57à







∣∣∣d(|W |k)∣∣∣2 r = (k/k′)2 ∫
M
χ2








∣∣∣d(|W |k′)∣∣∣2 = ∫
M




∣∣∣d(χ |W |k′)∣∣∣2 + 2∫
M





∣∣∣d(|W |k′)∣∣∣2 ≤ 2∫
M
















χ2 |W |2k r−1 + 4
∫
M




χ2 |W |2k r−1 ≤ 2H
∫
M




































































 ª³µ´«Ô± ³µ´±&¯®°u±Ú¹ ¯®«
n ≥ 4 ¯±± ³µ´­«#¬²¯®¸ä­ ν > 1 ¯± C > 0  ¹§¸}¯#øµ¹§­®±O¯
(n,C, ν) > 0
±O¯®¸	»´7¯o± ³>´±O¯)¾µ«Ø¹ ¬±O¬o«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯ ²³µ°7°F¯#ø¯Eì¹ ¹C¶l¸ ¾@±O¯
Mn
»´¹
¬«Ø¹ ¯¶³µ´«ó´° Ø¯®«®± ¾>¹§°Ô¶³µ¹°u±
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(|W | r2o) < (n,C, ν).
¯Ø­±}¯° 9¾µ¹Ú±|¶l¸¾>±O¯ ﬁ
     ﬁ%  #   ﬂ1ﬂ , 
  ﬀ 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ã¢êã78êãu57õ SC(M) 89à#|8#ŁÛE9æµãﬁñ#ßﬁãﬁñ8õﬁæµŁ
ﬂ#ñ85ãﬁß8>D@/5ãﬁ#ŁŁßàØ5Û	ß89à/ß8 89àõﬁ8<D D <@æµ5o|8ãﬁ æµ5Û#ñ8ñêÛã78à#Ł SC(M) 89à#	à8ãﬁß885Û
75ﬁŁ ßæµñàóﬀ9æµãﬁñ#ßﬁãﬁñ8Ôõﬁ69ñæ-:ß 2 + Ł575ﬁŁ Dæµã7à;ßæµ57àrõ+ ßFæµñõXﬁñæµãﬁô@8ñEãﬁ578Ôõﬁ69ñæµŁßàà²5798
êãuµõñ²#ŁßêÛã788857à#ãﬁŁ857æµã7à +  6Łßæµñ8ñæµ57à|æµãﬁñæµßﬁ85ﬁŁñãﬁ578õﬁ69ñæµŁßàà²5798ﬁã7àòÚæµñ#8ÛêÛãﬁŁ




D   /³µ°ﬁ­Ø¹]ÙÛ¬®«#³µ°ﬁ­´°F¯ ¾µ«Ø¹ ¬±O¬2«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ²³µ¼¶l¸ 9±O¯ ³µ°u°F¯#øÛ¯Ôì¹ ¹¶l¸¾>±O¯
Mn 
¾¯ 
n ≥ 4 ﬁ l´ ¶@¶ﬁ³­³µ°7­o»´ ¹§¸¯#øµ¹§­®±O¯´°2¶³µ¹°u± o ÙÛ¯ M ¯±ÙÛ¯Ø­;«¬¯®¸º­ ν > 2 ¯± Co > 0
±O¯®¸º­E»´7¯






























2 ρo(ro)dvol < +∞ 89à#69êãﬁŁôµß858, σ > 2 :ß8ß8 8
#ñ²57à0ò]æµñ8rõﬁæµ57& +,89à##Ł 698EŁ5Û6ö>ñ²ß8;85ﬀ +,89à#Ł 698ó|æµ57#ã78ß8Eêã%+,æµ5ﬀ|8ãﬁﬁñ#Łßæµñ#Ł89àF6ñ8ñ D








(∆ − c(n) |W |) |W | ≤ 0 æµ5Xô@8ãﬁoﬁﬁŁßêã78ñEß8½ß8 8¢<D D + 2 +,æµ|6ñ²8ãﬁñ ∆ −

























89à#ãﬁ5ﬁŁ ò]æµñ685Û ½70æµñ6ﬁŁCôŁß85 +,89à##Ł 698&à#ãﬁŁô>5Û8½:
(∫
A(R,2R)
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´°|¯# ¾µ«®¹ ¬±O¬
«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³>¼¶F¸ ±O¯ ³µ°u°F¯#øÛ¯Eì¹ ¹C¶l¸¾>±O¯
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w = |W |γ 8 b0 = sup
{
b > 0 /w = O
([
r2/V (r)
]b)} D$5àØŁuñ¢<D  D XêÛã78
w = O(r−2γ) 9æ  8 V (r) ≤ ωnrn åÚBŁßà#é7æµlë/}98 Ł oﬁŁßêã78 w = O(V (r)−2γ/n) =
O([r2/V (r)]2γ/n) Cõﬁ8Ôàæµñ#8¢êÛã78 b0 89à#Eà#ñ#Łß885Û;Fæ>àŁ#Ł ò0D




















]b1) ﬁõﬁæµ57ﬂ|æµãﬁñæµãﬁ R > 0 
∫
A(R,2R)
|w|m dµρ ≤ C
[
R2/V (R)





≤ CR−(ν−2)(mb1− nn−2 ).
89ŁFŁ oﬁŁßêÛã78
∫
M |w|m dµρ < +∞
Dæ  8æµ52ﬂﬁñ89à²êÛã78uñ#æµãﬁ
(∆− γc(n) |W |)w ≤ 0 
æµ5_Ł 8ñ²ŁﬁﬁŁßêÛã78ñ;ß8Ôß8 8¢<D D  ﬀ2ò]æµ57#Łßæµ5
w
)êãﬁŁ5%+,89à ½é78ãﬁñ8ã7à885ouµà
ßæ ß885ÛoŁ7à²éﬁŁ=<@D/ç)æµãﬁño9æµ5æµãﬁñ#578ñ98#8ÔõŁ %½ãﬁ6/æµ5 9æµ57à#Łßõ9ﬀñ8
u :=
√









|W |∆ |W | − u−2 |d |W ||2
)
+ γ(1− γ)u2γ−4 |W |2 |d |W ||2
≤ γu2γ−2
(
|W |∆ |W |+ (1− γ) |d |W ||2
)
.




 ≤ γu2γ (W,∆W ).




Ôﬁñ8oŁﬁﬀñ8;Ł576öÛŁ6oõ757àÔﬁñ8ãﬁô@8oõãbß8 8<D D Må
m > nn−2
ë®Dl	5 75bõﬁ8;9æ oﬁ8æµ5
ñ#ñ#Łô@8  : ∫
M\B(R)
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Mn  n ≥ 4  ´°F¯  ¾µ«®¹ ¬±O¬E«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯






 Co > 0
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´°|¯# ¾µ«®¹ ¬±O¬
«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³>¼¶F¸ ±O¯ ³µ°u°F¯#øÛ¯Eì¹ ¹C¶l¸¾>±O¯
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ﬂ57à ﬃä*ãﬁñ ﬁ-dDu*ãﬁñàﬃ3èﬃ6#ã7õŁß8ﬂ +,æµ|6ñ²8ãﬁñö@69æ 6#ñ#ŁßêÛã78Eà#ãﬁŁô>5Ûó:
Lg := ∆g +
n− 2



















































4(n− 1) Scalg˜−γc(n) |W |g˜ = (1 + u)
−n+2
n−2 (∆gu− γc(n) |W |g)(1 + u).
æµã7àõﬁ8ô@æµ57àõﬁæµ57&ñ69àæµã7õñ8
∆gu− γc(n) |W |g u = γc(n) |W |g .
å]<D <><@ë
/5Xò]ŁCæµ5Qôµ2ñ69àæµã7õñ898#8½69êãu#Łßæµ5dàãﬁñ
M\Bg(o,R) CFæµãﬁñóãﬁ5 R µàà8 <½ö>ñ²57õDCæµã7à








Dä?½õﬁæµ5ﬁ578 |W | = O(r−b) Fæµãﬁñãﬁ5 b > 2 DF/5.uñ##ŁßãﬁŁß8ñ



















< η(n/2, n/2 − δ, n/2 + δ).



















åß89àﬃ9æ8*%½Łß85Ûà õﬁ8. +,69êãu#Łßæµ5 àæµ5Û
Ł7à²éﬁŁ=< ë898;57æµã7àà#ã&%ñ²D
	57à#ãﬁŁ8uæµ5 æµß7à8ñ#ô@8óêÛã78oæ)( |Wg|g
89à#à##ñ#Łß885|æ>à#Ł#Ł ò  |Wg|γg
89à#Łßàà8ﬂ8
Lg |Wg|γg = ∆g |Wg|γg − γc(n) |W |g |Wg|γg ≤ 0,
à#ŁßﬁŁß853êÛã%+  ô@89½å]<D <&
ë/uæµ5ﬀ
Lg˜((1 + u)
−1 |Wg|γg) ≤ 0,
98&êãﬁŁ%à#Łö>5ﬁŁ u8
∆g˜((1 + u)
−1 |Wg|γg ) ≤ 0
ãﬀõﬁ8é7æµñàõ+ ãﬁ5ﬀ9æ ouµ D
$ñ}ﬁãﬁŁßà²êÛã78
(M, g˜)





õﬁæµãﬁßﬁß885Ôõã_ô@æµã 8ﬀŁ57à#Łêã78¢ + Ł576öÛŁ6ﬀõﬁ82çæµŁ57 ñ6 . +,69é78ß8>D}$ñ989à;ﬁñæµﬁñ#Łß669à


































ﬁ   ﬃä*ñ#Łö  ë®Dæ  8rŁè3½ãﬁ578;9æµ57à#²5Û8
A˜o
8ß8;êÛã78r|æµãﬁñæµãﬁ
t ≥ 1  Vg˜(o, t) ≥
A˜ot
ν 79ô@89 ν > 2





å'ﬃ, ># ë®D  + Łßõﬁ8õﬁ898#8/ò]æµñóãﬁß88)õﬁ8/ ½70æµñ²#Łßæµ5
õã¢57æ èÛã2õﬁ8Eéuß8ãﬁñæµ5ﬃæµßﬁ#Łß85Û
G(o, x) = O(ro(x)2−ν) êãu57õ ro(x) 857õÔô@8ñà + Ł575ﬁŁ D
%8&ﬁñ#Ł57ŁF8&õã ½ Ł Eã  µàà#ãﬁñ8&êã78|æµãﬁñæµãﬁFæµŁ5
x
õﬁ8
M\Bg(o,R) F9ô@89 R ö>ñ²57õQ:













ν = n = 4
|æµ5Mæµßﬁ#Łß85Ûﬂ  ﬂ8oõﬁ69ñæµŁßàà²5798;êã78rõ757àﬃ,B
ﬂ OD




D  7æµ#ñ889à##Ł 698	89à#Cæµﬁ#Ł ½ß8FæµãﬁñC 6#ñ#ŁßêÛã78)ãﬁßûO d8%ß89à6#ñ#Łßêã789à
õﬁ8E
²é}ñ=< àéﬁŁßõ_åô@æµŁñß8ﬂ²éuﬁŁ#ñ8óõ+,8 ﬁ8oﬁß89àuãﬀõﬁ6ßﬁãﬁõﬁ8ﬂ98 6æµŁñ8ë®D
     ﬁ%  #   ﬂ1ﬂ , 
  ﬀ $ﬀﬃﬂ $% #  % ﬀﬃﬂ $ﬀ *,  	$#&! 	$#&ﬀ 
+,æµß08/õﬁ898uñ²ö>ñ²ﬁé7889à#õ+,æµßﬁ85ﬁŁñ/õﬁ8ß|æµ5ﬁ5789à89à##Ł 6989àà#ãﬁñß89àõﬁ6ñ#Łô@6989à/9æôµñ#Ł589à
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 F³µ¹Ú±
Mn  n ≥ 4  ´°|¯  ¾>«Ø¹ ¬±O¬«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³µ¼¶l¸ ±O¯}ì¹ ¹ﬁ¶l¸ ¾@±O¯
­9¾>±Ú¹­ ¾>¹­9¾µ°u±F¶³>´«&´°Ô¶³µ¹°u±
o
¸ ¹§°F¬ @¾µ¸ ¹±O¬rÙÛ¯rÙ@³µ´7·®¸ß¯®¼½¯®°u±¹° ¯®«Ø­9¯













¸³µ«Ø­ﬂ¸  ¯Ø­®±Ú¹¼¾>±Ú¹]³µ°.ÙÛ¯ó¸¾ ²³µ´ﬁ·´«¯
|W | = O(r−ao ),
¾µ¯
a ≥ 2  ¯°u±Ú«0¾ §°F¯  ¶³µ´«½± ³µ´±¯®°u±Ú¹ ¯®«o°l¾@±Ú´«¯®¸ i  ´°F¯¢¯Ø­®±Ú¹¼½¬¯­Ø´«o¸ ¾.ÙÛ¬®«®¹ ¬¯ ³¾µ«Ø¹]¾µ°u±O¯
Ù ³µ«#Ùµ«¯
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i ≤ k 
 ô@89













































∣∣∣∇k+1W ∣∣∣2 ≤ ∫
A(R/3,3R)
|dχ|2
∣∣∣∇kW ∣∣∣2 + ∫
A(R/3,3R)
χ2(∇kW,∆∇kW ).
/5ﬀãﬁ#ŁŁßà²5Û;å]<D <@ë/7æµ5 æµßﬁ#Łß85Û ½70æµñ²#Łßæµ5
∫
A(R/2,5R/2)










∣∣∣∇kW ∣∣∣ ∣∣∇iW ∣∣ ∣∣∣∇k−iW ∣∣∣ .
	+ éè|æµ#é!ﬀ9à8Eõﬁ8ñ69ãﬁñ#ñ857987ö>ñµ98 
a ≥ 2 79æµ57õãﬁŁ?∫
A(R/2,5R/2)





∣∣∣∇k+1W ∣∣∣ ≤ Ck+1 (R−1−a−k +R1−2a−k) ≤ Ck+1R−1−a−k,
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∀ k ∈ N,





∀ k ∈ N,
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æµ#ñ8Qæµß#89#Ł ò }ŁßŁ 89à õ+ ñ#ñ#Łô@8ñ e9æ oﬁñ857õñ8Q ö@69æ 6#ñ#Łß8  + Ł575ﬁŁóõﬁ8Q98ñ#²Ł57à
Ł57à#²5æµ57àö>ñ² ôŁ²#Łßæµ5ﬁ578ßà rô@æµã 8ﬂ57æµ5 ½ Ł ½ D
ﬂ57à2ãﬁ5 ﬁñ8oŁß8ñ 8o7à}57æµã7àﬃ57æµã7à2Ł5Û6ñ89àà²8ñæµ57à3ãµ98à ö@69æõﬁ69à#Łßêã789àﬃß89àﬃﬁã7à
9æµãﬁñ#à Dç8ãﬁ0ûO89à##Ł 8ñoß8ãﬁñ;ßæµ5ﬁö>ã78ãﬁñ 3æ EßﬁŁß85_èQ85h û 0û Ł}85eéuµêã78ﬃ|æµŁ5Û  "ã78ß8289à#
ß8ãﬁñé7æµßæµ57æ oŁß8ó89ŁF57æµã7àF8ñ8##ñ²Eõﬁ89æ oﬁñ857õñ8óö@69æ 6#ñ#Łß8ßæ ß8ﬁñﬃﬀ9àõﬁ8 + Ł575ﬁŁ 
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C(n)
























∀x ∈M\K, volB(x, T ) < C(n)T n. åD <@ë


$5 |857à8 rãﬁ578óôµñ#Łß66&ô@6ñ#Ł l5Û7|æµãﬁñæµãﬁ
x

volB(x, t) ≤ ω(t)tn 7 ô@89&ãﬁ578ò]æµ57#Łßæµ5 ω
857õ75ô@8ñà'< 6ñæ E + Ł575ﬁŁ Du$5ﬀóôã2êÛã78  ﬂ8ﬂõ757à}ß8 µà}ﬁ ½70æµñ²#Łßæµ52ãﬁ5ﬁŁ ò]æµñ8
õãQô@æµã 8Ôõﬁ89à&ß|æµãﬁß89à&5%+,89à#óuµàE57æõŁ578ﬀ:%8ß8 æõ9ﬀñ82ö@69æ 6#ñ#Łß8 ﬃ + Ł575ﬁŁßﬁŁß85Qﬁã7à
êã%+ ãﬁ578 ½7#æµñ²#Łßæµ5Ôõãô@æµã 8õﬁ89à	ß|æµãﬁß89à985#ñ6989à85ãﬁ5½FæµŁ5 DÛã 75u Û98#8ãﬁ5ﬁŁ ò]æµñoŁ6
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õﬁ69ñ#Łr2ö@69æ 6#ñ#Łß8¢õﬁ89àóô>ñ#Łß669à@ﬀ9æµãﬁñ#ßﬁãﬁñ8½|8#Ł8½8%2ñ² è@æµ5 õ+ Ł5)#89#ŁôŁ6Ôß|æµñ#576 ﬃä*  OD
Łæµ57àæµãﬁõﬁ8ﬂà#ãﬁŁ8ﬂß8
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¨âu¨¥Û¥@)â  D
>D <  F³µ¹Ú±
(Mn, g)
´°|¯ ¾µ«Ø¹ ¬±O¬«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³µ¼¶l¸ ±O¯Ù@³µ°u±C¸ ¾ ³µ´« ·®´«¯
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ãﬁ#ñ885Û;õŁCæµ5dà²Łóõﬁ6 ﬃ êã78oﬃö@69æ 6#ñ#Łß8 ﬃ + Ł575ﬁŁõﬁ8Ô989à&ô>ñ#Łß669à&|æ>ààﬃﬀ9õﬁ8oãﬁ578
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Λ ≥ 0 ë/Û ô@89 Λρ < pi/4 D@Ł57àŁ >85ouñ##ŁßãﬁŁß8ñ@ +,8 Fæµ5785#Łß8ß885 x




















 +,8 Fæµ5785#Łß8ß8Eµàà²æŁß698,;98#8 6#ñ#Łßêã78>D
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%ç :õﬁ8ãFæµŁ5àêã78ß9æµ57êã789àõﬁ8
Bˆ(0, 2ρ)
àæµ5Û
ñ8Łß69àﬂuñãﬁ578;ãﬁ5ﬁŁßêã78;ö@69æõﬁ69àŁßêÛã78êãﬁŁ/89à#ﬂõﬁæµ57 oŁ5ﬁŁ oŁßà²5Û8 %õﬁ8;ﬁã7à|ß89àßFæµãﬁß89àè.àæµ5Û
à##ñ#Łß8859æµ5Ûô@8 ﬁ89à D7$5Ô|æµãﬁñ#ñ²óõﬁæµ57ﬁñ²#Łßêã78ñ}àØ57àñ#Łßàêã78õﬁ8óö@69æ 6#ñ#Łß86ß685²Łñ8


























































ë/9æµ57à#Łßõﬁ6ñæµ57à% + ﬁﬁŁß #Łßæµ5
τv := Expv ◦ (Tv expx)−1 .
(Tv expx)




































































t 7→ τ(tw) 89à#ó ö@69æõﬁ69àŁßêÛã78½ñ8ß8ôµ5
t 7→ expx tw
ruñ##Łñõﬁ8
v



























1 é7æµßæµ57æ oŁß8ñ²#Łßæµ5ﬁ578ß8ﬂ: + 5ﬁö>ß8 θ













õﬁ8 + Ł ½ö@8&õﬁ8 +  8åÚêãu57õ
q = 1






#ñ²57à##Łßæµ57àDO578;9æµ5Û#Łß85Ûóß8óôŁßàà²ö@8;õﬁ8Eßuµà8;êÛã78;à#Ł + é7æµßæµ57æ oŁß8o89à##ñ#ŁôŁß8>D|B}8 ã79æµãﬁ




















γ2 : t 7→ τv(tw) êãﬁŁ	ñ8ﬁﬀô@8  ﬂ8
ö@69æõﬁ69à#Łßêã78








































v˜ = −σ′(1) Du	+ ﬁﬁŁß #Łßæµ5 τv˜ ﬁ9æ  8 τv ﬁ89à#ßﬁŁß853õﬁ6/75ﬁŁß8&à#ãﬁñrß|æµãﬁß8 Bˆ(0, 2ρ) DFæµ57ﬂæµ5
|8ãﬁﬂõﬁ6/75ﬁŁñﬂﬃ9æ oFæ>à698





































































i ≤ k 7ßæµñàó:
Γτ (x, ρ) = Γσ(x, ρ) =
{
τ i/− k ≤ i ≤ k} .
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:là#Ł57æµ5F9æ  8rŁ)578E|8ãﬁèﬀ ô@æµŁñõﬁ8E|æµŁ5Ûﬂõ+ µ9ã óãﬁ#Łßæµ5%æµ5Mãﬁñ²Łãﬁ578EàãﬁŁ8
|6ñ#ŁßæõŁßêã78 
τv1






å + ãﬁ5ﬁŁßŁ6õﬁ8rÔß|æµãﬁß8rõﬁ699æµãﬁß8½õﬁ8E¢à##ñ#Łß8o9æµ5ô@8 Ł6oõﬁ89àß|æµãﬁß89à|®ò#D ﬃä* 
* ë®DBŁß85Mà 	ﬁñ|æµ5
|8ãﬁ;ﬁñæ969õﬁ8ñoõﬁ8  ﬂ8ﬃ85dŁ5ô@8ñà²5Û +,æµñ#Łß85²#Łßæµ5õãeµ98;Fæµãﬁñ;æµßﬁ85ﬁŁñõﬁ8½57æµãﬁô@8 ã






























d(x, y) ≤ ρ/2 7æµ5ﬀæµßﬁ#Łß85Û852uñ##ŁßãﬁŁß8ñ +,89à##Ł 698ﬂô@æµã oŁßêã78½:
ρ
2 inj(x)

























ρ ≤ ρ′ < pi4Λ
 +,857à8Eßﬁß8
F(x, ρ, ρ′) :=
{
w ∈ Bˆ(0, ρ)
/
∀ γ ∈ Γ(x, ρ′), d(0, γ(w)) ≥ d(0, w)
}







#ã7õﬁ87²éuµêÛã78óæµñ#ßﬁŁ8Ł5Û8ñà898EŁñ885Û F(x, ρ, ρ′) Dﬁ8ﬁã7àﬁà#Ł τ ﬁuñ##Łß85  Γ(x, ρ′) 





CêÛãﬁŁ	89à#ﬂõﬁ8 89à#ãﬁñ8;5ãﬁß8 :|uñ 75ﬁŁ#ã7õﬁ8 Ôãﬁ5Q857à8Eßﬁß8õﬁ8 89à#ãﬁñ8;5Ûãﬁß8





Fτ (x, ρ, ρ′) :=
{
w ∈ Bˆ(0, ρ)
/
∀ γ ∈ Γτ (x, ρ′), d(0, γ(w)) ≥ d(0, w)
}











2ρ ≤ ρ′ < pi4Λ

ßæµñà






>D   F³µ¹Ú±
ρ ≤ ρ′ < pi4Λ





³µ°.°l³>±O¯ Iτ (x, ρ) ¸  ¯®°ﬁ­ ¯®¼½·®¸¯rÙÛ¯®­}¶³µ¹°u±­ w ÙÛ¯ Bˆ(0, ρ) ±O¯¸ä­E»´7¯





































õﬁ8 Fτ (x, ρ, ρ′) |57æµæµ57à v = τ(0) 8 θ ∈ [0, pi]  + 5ﬁö>ß885#ñ8 v 8 w D
$5½àãﬁﬁFæ>à8õ+ ß|æµñõ










cosh(Λd(v, w)) ≤ cosh(Λ |w|) cosh(Λ |v|)− sinh(Λ |w|) sinh(Λ |v|) cos θ.
/5ñ8½ñêÛãu5Ôêã78 |w| = d(0, w) ≤ d(0, τ−1(w)) = d(v, w) å 7ö>ãﬁñ8 D  æµ5#ñ8ﬀ98
êã%+,æµ53#857õuë/7æµ5ﬀæµßﬁ#Łß85
cosh(Λ |w|) ≤ cosh(Λd(v, w)) ≤ cosh(Λ |w|) cosh(Λ |v|)− sinh(Λ |w|) sinh(Λ |v|) cos θ,
õ+,æ)(










d(0, w) ≤ d(v, w) Ł o|æ>à8 w &öÛã7²é78&õﬁ89à}FæµŁ5#Łß69à9Eãﬁ5¢8ñ8ﬂõ+,8ñ#ñ8ãﬁñﬁñﬃﬀ9àD
)ô@89






Λ |v| sinh(Λ |v|) .
åD @ë
Vuñ##Łñõﬁ8ﬂEò]æµñóãﬁß8Eõﬁ8ﬂ)9èßæµñ


























































cosh Λ |v| − 1












































çæµãﬁñ9æ oﬁñ857õñ8óß89à6ß685Ûàõãﬀ7à8ã7õﬁæû ö>ñæµãﬁ|8ﬂò]æµ57õ7 85Û² lß8&ß8 8Eà#ãﬁŁôµ589à#
Ł o|æµñ#²5Ûr:Ł%ß89àﬁﬁñæé78ﬂuñõﬁ89à#ñ²57à0òÚæµñ½#Łßæµ57à	%5789àﬁﬁã7àò]µŁß89à  ½5ﬁŁﬁãﬁß8ñ D
ï	 F  D





±O¯®¸»´7¯Ô¸ ¾ ³µ´« ·®´«¯Ô­9³µ¹±·#³µ«®°F¬¯&¶¾µ«
Λ2  Λ ≥ 0  ­Ø´«¸¾.·#³>´¸ß¯ B(x, ρ) 





























τv = Expv ◦ (Tv expx)−1 
³ﬀ¸  ³µ°.«0¾Ø¶Û¶ﬁ¯®¸¸¯;»´7¯
Exp








Bˆ(0, ρ − |v|) 








  lõﬁæµ5ﬁ578ß8ñ69à#ãﬁ²õﬁ89æ ouñ²Łßàæµ5¢à#ãﬁŁô>5Û:Ûà#Ł
V
89à#õﬁ6/75ﬁŁluñ






d(Expv ◦pˆv(W ),Exp0(V +W )) ≤
1
3














Exp0 = T0 expx






Exp0(V + W ) =




pˆv = (Tv expx)
−1 ◦ pv ◦ T0 expx,
õﬁ8&à²æµñ#8ﬂêÛã78
Expv ◦pˆv(W ) = τv ◦ pv(w)
D7/ã êã78
sinh(Λ(|V |+ |W |)) ≤ Λ(|V |+ |W |) cosh(1) ≤ 3Λ(|V |+ |W |),
Łñ69à#ãﬁ8óõﬁ8½åD
 =@ë}êã78o:
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¨)© úC âF ¨)© ú  §©Cþ® u¦l )§|   F³µ¹Ú±
(Mn, g)
´°|¯


















































volB(x, ρ/2) ≤ vol Bˆ(0, ρ).











Dæ  8õ+ ãﬁ#ñ8uñ#>ß8#é769æµñﬃﬀ8
õﬁ8&BŁßà#é7æµû(*ñæ æ ô2õﬁæµ5ﬁ578ﬂãﬁ578&9æµ57à#²58
C ′(n,Λ) > 0
8ß8óêÛã78
volB(x, 1) ≤ C ′(n,Λ)−1 volB(x, ρ/2),
æµ5 #ñæµãﬁô@8










 §©C¦F F u©iú)'âF ¨)© ú §©%þ 7¦F )  F³>¹±
(Mn, g)
´°F¯ ¾






























I1 ≤ inj(x) ≤ I2.













´°|¯ ¾µ«Ø¹ ¬±O¬«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³µ¼¶l¸ ±O¯ÙÛ¯ ³µ´« ·®´«¯&·#³>« 
°F¬²¯ ﬁ }°ﬀ­®´ ¶Û¶³­9¯ 
∀x ∈M, V ≤ volB(x, t) ≤ ω(t)tn
¶³>´«o´°F¯ ³µ° 9±Ú¹Ú³>°
ω













I1 ≤ inj(x) ≤ I2.
 
6()-$#%'&'-$=F# (4&'-$ﬂ /A@ 
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ãﬁ5ﬁŁ ò]æµñ685Û&à#ñ#Łß885Û&àæµã7à0ûO8ã7ŁßõŁß85ﬁ578  õã




















´°|¯) ¾µ«®¹]¬9±O¬r«Ø¹ ¯®¼¾µ° 
































volB(x, t) ≤ ω(t)tn,







































I2 ≤ t ≤ r(x)/2 :












volB(x, t) ≤ B1tn−1. åD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;+ ﬁñﬃﬀ9àß8Eß8 8 D Ôõﬁ8 ﬃ,  FêÛãﬁŁ/à8Eñ6®ò ﬀñ8%Ô½9æµ57à#ñ#ã7#Łßæµ5Qõãbêãu#ñ#Łﬁﬀ8;uñ²ö>ñ²ﬁé78




 + 5ﬁ578 ã









n−1  æµ5E85óõﬁ69õãﬁŁC +,8 Łßà#85798õ+ ãﬁ5789æµ57à#²5Û8 B2
8Ûêã78/Fæµãﬁñ
t ≥ I2 












M\B(o,R0) 8Fæµãﬁñ t ≥ r(x)/4 7æµ53






t ≥ I2 ﬁæµ53






















>D   F³>¹±
(Mn, g)
´°F¯) ¾>«Ø¹ ¬±O¬«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³µ¼¶l¸ ±O¯  ³µ´«9·®´«¯ÔÙ¯




























ëà +,æµßﬁ#Łß85Ûõﬁ8  ﬂ885½à8ñ89à##ñ8Łö>5u5
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½ Ł ½ 7®ò#Dﬁã7àéuãﬁØë®D7%8&ñ89à#8ﬂ89à#ãﬁæ ½#Łßêã78>D

/ã 988/18õﬁ8ﬂà8ãﬁŁ ß8ﬁñ8oŁß8ñ µàõ+,8/1æµ57õñ885Û r6#ã7õŁß8ñ89à#98ãﬁŁ%õ+ ãﬁ5ﬃ8/1æµ57õñ8®û










N ¢wrvóz|t t/yls'vEtmxwﬂvE  t/Eslw  r¢n
       -/#		-	$#&ﬀ *  , *ﬀ  *   
 
  
 75Qõﬁ8oõﬁ69ñ#Łñ8o9æ oﬁﬁﬀ885Ûrãﬁ5Q8/1æµ57õñ885Ûóõﬁ8o9æõŁ 857à#Łßæµ5Qãﬁ5æµ5Mô>½ò]Łñ8;ãﬁ578
éè|æµ#é!ﬀ9à8}ò]æµñ#8à#ãﬁñ	 + é7æµßæµ57æ oŁß8õﬁ89à	µ98àö@69æõﬁ69à#Łßêã789àåuµà#ñæµßæµ5ﬁö@àØë®D@/ß8à8ñ²ô@6ñ#Ł u698
õ757àﬂß8o µõñ8½õﬁ89àﬂŁ57à#²5Ûæµ57àóö>ñ²9ôŁ²#Łßæµ5ﬁ578ßà D/æ  8oß8;ñ89à#8oõﬁ8;ﬃﬁñ8ãﬁô@8oñ89à8;ôµŁßõﬁ8
õ757àãﬁ53 µõñ8rµàà8 <&ö@6576ñ² l57æµã7à578ó57æµã7àñ89à##ñ8Łö>57æµ57àuµàã Ł57à#²5Ûæµ57àö>ñ²9ôŁ²#Łßæµ5û
578ßà½Łßà657æµ5 9æµ57àß8ﬂñ69àãﬁ²ö@6576ñ² D
 âu¨¤7¨)¡ ¨)© D <D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l|âl%¦F%â Xú)h¤7¡ u%úC¨  âl¨)C¤7 eð@¨)©Cúu/ u©>)¥   F³>¹±
(Mn, g)
´°|¯ ¾µ«Ø¹ ¬±O¬E«®¹]¯¼o¾>°7°7¹ ¯®°7°F¯ ³µ¼¶l¸ ±O¯r±O¯®¸¸¯r»´7¯
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1
¾µ¯




¯Ø­®±´°b¸¾ ²¯± Û¬³ ÙÛ¬Ø­®¹Ú»´7¯½·¾­9¬¯°.´°Ô¶³µ¹°u±
x
¯9±}Ù¯&¸³µ°(>´ﬁ¯®´«
L ≤ c−1r(x) 
¾µ¸³µ«Ø­&¸  	³µ¸³µ°l³>¼r¹ ¯
H
Ù>´ ¸ ¾ ²¯±
γ
¬®«®¹ ¯
|H − id| ≤ cL
r(x)
.
Ø¸¯#ø>¹­±O¯ﬀ¾µ¸³µ«Ø­2´° ³µ¼¶¾  ±
K
±O¯®¸»9´  ¯®° ± ³µ´±¶³µ¹°u±
x
ÙÛ¯
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 }°b¾Ø¶Û¶ﬁ¯®¸¸¯®«#¾
σx






















0 < I1 ≤ inj ≤ I2 D%8;7à8ã7õﬁæû ö>ñæµãﬁ|8
ò]æµ57õ7 85Û²







































≤ (cosh c)n .








































 + é7æµßæµ57æ oŁß8E9æµñ#ñ89à#Fæµ57õ75 ; +,æµñ#Łß85²#Łßæµ53æµﬁ|æ>à698&õã µ98
γ
Dl$53






















z (0)) = −z
Du$5ﬀõﬁ69õãﬁŁõﬁ8 +,89à#Ł ½#Łßæµ53Ł ûOõﬁ89àà#ã7àó:









õﬁæ ½Ł578 Iτz(x, λr(x))







+ 2c2λ2 |z|2 .

)ô@89
gx(w, z) = −gx(w, τ−1z (0)) + gx(w, τ−1z (0) + z) ≥ −gx(w, τ−1z (0)) − |w|
∣∣τ−1z (0) + z∣∣ ,
æµ5 #ñæµãﬁô@8
gx(w, z) ≥ −|z|
2
2
− 2c2λ2 |z|2 − λc |z|2 ,
àæµŁ









Fτz(x, λr(x), r(x)/4) ⊂
{
w ∈ Bˆ(0, λr(x))
/










Fτz (x, λr(x), r(x)/4) ⊂
{
w ∈ Bˆ(0, λr(x))
/











Γ\Γσ 8Cêã78 v′ := τ ′(0) à²æµŁõﬁ8ﬂ57æµñ8 oŁ5ﬁŁ ½ß8>D$5ﬀà#ãﬁﬁ|æ>à8
|v′| < λr(x) D7Ł57àŁ uñ oŁ5ﬁŁ ½Ł6óõﬁ8 |v′| CåD
 +ë}õﬁæµ5ﬁ578




θ ∈ [0, pi]  + 5ﬁö>ß8E85Û#ñ8 v 8 v′ ﬁæµ5ﬀõŁßà#|æ>à8õﬁ8ﬂ + Ł576öÛŁ6½:
∣∣v′∣∣ |cos θ| ≤ 3 |v|
4
.















F(x, λr(x), r(x)/(4c)) ⊂ Fτv(x, λr(x), r(x)/(4c)) ∩ Fτv′ (x, λr(x), r(x)/(4c))
⊂
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, v)| ≤ |v|2 ,
∣∣gx (w, v′)∣∣ ≤ ∣∣v′∣∣2} .





w ∈ Bˆ(0, λr(x))
/
|gx (w, v)| ≤ |v|2 8











} 	 D  
Ô%8&õﬁæ ½Ł578&òÚæµ57õ7 85² u85ﬀ9æµãﬁ|8ﬁ89à# ; + Ł56ñ#Łß8ãﬁñõﬁ89à|æµŁ5Û#Łß69à D
89à# ½70æµñ6½uñ
4 |v| |v′| (2λr(x))n−2/ sin θ ≤ 2n+2λn−2I2 |v′| r(x)n−2 DCçñ;9æ ouñ²Łßàæµ5
æµ5ﬀæµßﬁ#Łß85õﬁæµ57 + Ł576öÛŁ6
Aλn−1r(x)n−1 ≤ 2n+2 (cosh c)n λn−2I2
∣∣v′∣∣ r(x)n−2,



































F(x, λr(x), r(x)/4) ⊂ Fτv (x, λr(x), r(x)/4) ∩ Fτv′ (x, λr(x), r(x)/4)
⊂
{
w ∈ Bˆ(0, λr(x))
/
|gx (w, v)| ≤ |v|2 8
∣∣gx (w, v′)∣∣ ≤ |v|2} .
$53ñ#ñ#Łô@8ó9æ  8&Ł ûOõﬁ89àà#ã7à o + Ł576öÛŁ6
Aλn−1r(x)n−1 ≤ 2n (cosh c)n λn−2 |v| ∣∣v′∣∣ r(x)n−2/ sin θ,
æ)(
θ ∈ [0, pi] 89à# + 5ﬁö>ß8ﬂ85Û#ñ8ß89àô@898ãﬁñà v 8 v′ D9æ  8ŁßŁ  |v| = |v′| ≤ 2I2 æµ5ﬃñ#ñ#Łô@85
Aλr(x) sin θ ≤ 2n+2I22 (cosh c)n .
C oŁ5ﬁŁ ½Ł6óõﬁ8 |v| 8ß8#é769æµñﬃﬀ8Eõﬁ8&9æ ouñ²Łßàæµ5ﬀõﬁ89àõŁßà#²57989àõﬁæµ5ﬁ5785





cos θ ≤ 0.51 Du8  ﬂ8læµ5ﬀ
|v| ≤ d(τ−1v (0), v′) ≤ cosh(0.02)
∣∣τ−1v (0)− v′∣∣ .
)ô@89åD
 @ë/uêãﬁŁ|òÚæµãﬁñ#5ﬁŁ ∣∣τ−1v (0) + v∣∣ ≤ 0.01 |v| ,
æµ5ﬀ852#Łñ8 ∣∣v + v′∣∣ ≥ ∣∣τ−1v (0)− v′∣∣− ∣∣τ−1v (0) + v∣∣ ≥ 0.98 |v|
$5ﬀ85 õﬁ69õãﬁŁ
cos θ ≥ −0.52 ﬁﬁãﬁŁßà |cos θ| ≤ 0.52 ﬁﬁãﬁŁßà sin θ ≥ 0.8 D7Ł5uß885ÛlŁôŁß85Û







+ ãﬁ5ﬁŁßŁ6óõã µ98ò]æµ57õ7 85Û²µàà#ãﬁñ8ﬂêã%+ ŁCõﬁ6|857õ2õﬁ8ò]  9æµ5ﬀŁßàà8õﬁ8&àæµ52|æµŁ5Ûßuµà²8>D
ï	 F  D <D 















































































expyn(inj(yn)Vn) = σyn(inj(yn)) =
yn
D	çñ¢9æµ5Û#Ł5ãﬁŁ6.õãñ²9è@æµ5 õ+ Ł5)089#ŁôŁ6då'ﬃä*Cç  ë/	æµ5#ñæµãﬁô@8ﬀ85huµààØ5Û MbŁ oŁ8X:































õã 7à²8ã7õﬁæû ö>ñæµãﬁF8ò]æµ57õ7 85Û² DF%8ñ69à#ãﬁ²à#ãﬁŁ D

$5_ô> ½Ł5Û85u5Ôà + Ł56ñ89àà8ñã Ł57à²5Ûæµ57àoö>ñ² ôŁ²#Łßæµ5ﬁ578ßà3:)Łßà;57æµã7àoõﬁæµ5ﬁ578ñæµ5
à#ã&%½àØ  85Ûõﬁ8ó9æµ5Û#ñﬃ2µß8óàãﬁñ + é7æµßæµ57æ oŁß8óõﬁ8ß8ãﬁñàµ98à9æµãﬁñ#à D
        ﬀ  ,ﬂ  ﬀ'ﬂ 
+ﬂ -1, 
 -  
$ﬂ  #&,  -/,.-  
 
 ﬀﬃ* ﬂ	
ï	 F  D <D +  F³µ¹Ú±
(M4, g)
´°F¯  ¾µ«®¹]¬±O¬ 	ÛÝØ¶ﬁ¯®«  



















¾­²­ ¯   µ«#¾µ°lÙ
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L ≤ r(x)/4 DµãﬁŁﬁ9æµñ#ñ89à#|æµ57õrãﬁ5;6ß685 τv õﬁ8 Γ(x, r(x)/4) D>çñ
åD








d(τv(w), tv ◦ p−1v (w)) ≤ 4r(x)−2δ(r(x)/2) |v| |w| (|v|+ |w|)
8õﬁæµ57






:>+,89à#; + é7æµßæµ57æ oŁß8 õã_µ98;ö@69æõﬁ69à#Łßêã782õ+,æµñ#Łß85Û²#Łßæµ5æµﬁFæ>à698>D$5h
õﬁæµ57:
d(τv(w),Hw + v) ≤ δ(r(x)/2)L
2
.
æ  8ﬂæµ52#ñ² ôµŁß8ﬂà#ãﬁñ}ãﬁ578ô>ñ#Łß66éÛèF8ñ=3 éﬁß8ñ#Łß85ﬁ578&õﬁ8õŁ 857à#Łßæµ52ñ698ß8
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] − pi, pi] D
ãﬁﬁFæ>à²æµ57à θ 57æµ5d5ÛãﬁåÚà#Ł57æµ5 +,89à##Ł 698Ô89à#&#ñ#ŁôŁß885Û
ô@6ñ#Ł u698ë®Dl	+,69êÛãu#Łßæµ5

















)à + Ł89à#óõﬁ857æµñ8Ł5ò]6ñ#Łß8ãﬁñ8 
r(x)/4
ﬁô@6ñ#Ł u8óõﬁæµ57





;+ ãﬁ#ñ8ﬂuñ#ﬁ oŁ57æµñ²#Łßæµ53õã2ñ²9è@æµ5.õ+ Ł5)089#ŁôŁ6&õﬁæµ5ﬁ578




















|H − id| =








´°F¯ﬀ ¾µ«®¹ ¬±O¬ 	ÛÝØ¶ﬁ¯®«  





∀x ∈M, ∀ t ≥ 1, At3 ≤ volB(x, t) ≤ Bt3
¾µ¯














¯±/±O¯¸§¸ß¯Ø­»9´ﬁ¯ﬂ­9¯Ø­&¬®¸ß¬®¼½¯®°u±­­  ³Û·±Ú¹ ¯®°7°F¯®°l±± ³>´Û­ó¯®° «¯®¸ß¯* ¾µ°u±
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89à#Łß9Ł û ﬁ8óåÚ®ò0D ﬃ,B89à  ë®D@/	 + éè|æµ#é!ﬀ9à8ô@æµã oŁßêã78





ﬂö>ñµ98Eã ß8 8 D <D +3å] ô@89
δ(t) ≤ Ct ë®D 






$5_ô> ½Ł5Û85u5Ô6²ßﬁŁñoãﬁ578 8Łß8ãﬁñ8289à##Ł 6982à#ãﬁñ; + é7æµßæµ57æ oŁß8 õﬁ89à;µ98àoòÚæµ57õ7 û
85²ã|D)ç)æµãﬁñr98;ò]Łñ8Cæµ5Qô@8ãﬁ&|æµãﬁô@æµŁñE9æ ouñ8ñó + é7æµßæµ57æ oŁß8Ôõﬁ8õŁ 16ñ85ÛàEµ98à D%%8
857à8ãﬁñrõﬁ8½9æµãﬁñ#ßﬁãﬁñ8
Rm
Ł58ñ#ôŁß85;5u#ãﬁñ8ß885Û/9æ  8ß8 æµ5Û#ñ8Ôß8ß8 8¢à#ãﬁŁô>5Û
å]µõ7ﬁ6Eõﬁ8 ﬃ,B  ë®D

 =!+
ï	 F  D <D 

á¨¤)âF)¡¨© úC 7¡¢%¨¥Û¨©%¨ 7¡	ﬀ F³µ¹Ú±
γ : [0, L] −→ N ´°|¯ ³µ´«9·²¯
±Ú«#¾ ²¬¯rÙ@¾>°ﬁ­´°F¯  ¾µ«®¹]¬±O¬&«®¹]¯®¼¾µ°u°7¹]¯°7°F¯
N
¯±­³>¹±
t 7→ αt ´°F¯ 9¾µ¼;¹§¸¸ß¯ﬂÙÛ¯¸¾ ²¯9±­¶ﬁ¾µ«0¾>¼¬9±Ú«#¬Ø­
¶¾>«





ﬁ }°b­9¯oÙÛ³µ°7°F¯E´°  	¾µ¼¶eÙ¯)¯9±O¯´«
(s, t) 7→ X(s, t) ¸¯r¸³µ°(ﬀÙÛ¯r¸¾ ¾µ¼;¹¸§¸ß¯
α
¯±³µ°M­®´ ¶@¶ﬁ³­9¯½»´  ¹¸/¯Ø­±)¶¾µ«#¾µ¸¸ ®¸ß¯¸¯r¸³µ°(ﬀÙÛ¯  	¾Û»´ﬁ¯¸¾ ²¯±
αt   ∇sX(s, t) = 0 ﬃ¾>¹§°ﬁ­®¹»´7¯
¸ß¯ó¸ ³µ° ¢Ù¯
γ   ∇tX(0, t) = 0  ﬁ

¸ ³>«²­ó³µ°QÙµ¹§­ ¶³µ­9¯EÙÛ¯ó¸  ¹§°|¬ @¾µ¸ ¹±O¬


















X(0, L) = pγ(L)X(0, 0)











−1 (X(l, t) −X(0, t)) dt
àæµã7àEòÚæµñ8
pγ(L)





































































rãﬁ5 à8ãﬁ|ß|æµãﬁﬁà#Ł57æµ57æµ5 ﬁﬁŁßêã78&98ﬂêÛãﬁŁà#ãﬁŁ ;²éuµãﬁ5
õﬁ89àß|æµãﬁà D
æµ57àŁßõﬁ6ñæµ57à ãﬁ5 ñ² è@æµ5 ãﬁ5ﬁŁ²Łñ8






















D>C8ß8 8õﬁ8}9æ ouñ²Łßàæµ5Ôõﬁ89àé7æµßæµ57æ oŁß89àåD <D @ë)F8ñ8	õﬁ8ô@æµŁñ/êã78|æµãﬁñ
õﬁ89à57æ Eßﬁñ89à































#ñ²57à#8ñﬂ +,æµñ#Łö>Ł578½õãMuñ²  ﬀ#ñ8
t



























































































a′′ − Λ2a = Λ2
(∣∣∣J˜(0)∣∣∣ + ∣∣∣J˜ ′(0)∣∣∣)
 ô@89
a(0) = a′(0) = 0
ﬁàæµŁ
a(s) =
(∣∣∣J˜(0)∣∣∣ + ∣∣∣J˜ ′(0)∣∣∣) (cosh(Λs)− 1) .
æ  8ŁßŁ|æµ5ﬃãﬁñ²
0 ≤ s ≤ 1 8 Λ << 1 Ł|à#ã&%õﬁæµ57õﬁ8 ½70æµñ8ñ
∣∣∣J˜(0)∣∣∣ 8 ∣∣∣J˜ ′(0)∣∣∣ Fæµãﬁñ
ß|æµñ#578ñ
J˜









T0E ∼= E õﬁ6/75ﬁŁß8ﬂuñ
X(t) = p(tv)Y (t).
)ô@89
∇tX(t) = p(tv) d
dt







 + ﬁﬁŁß #Łßæµ5Mõﬁ8
E × T0E ∼= E2 õ757à
E
õﬁ6/75ﬁŁß8ﬂuñ
f(w,W ) = Expw p(w)W,
æµ5ﬀõŁßàFæ>à8ﬂõﬁ8oñ8#Łßæµ5
f(tv, Y (t)) = τ(tv).
/53õŁ 1|6ñ85#Ł5Û989Ł ﬁŁôŁß85



























s 7→ sY (0) æµßﬁ85ã &uñ##Łñõﬁ8
;ô>ñ#Ł#Łßæµ5 ö@69æõﬁ69à#Łßêã78
H(t, s) 7→ Exptv sp(tv)Y (0).
æ  8¢ß89àr9æµ57õŁ#Łßæµ57àEŁ5ﬁŁ#Łß89à;õﬁ8






















∣∣pγ(t2)−1Hγ(t2)pγ(t2)− pγ(t1)−1Hγ(t1)pγ(t1)∣∣ ≤ C0
∫ ∞
t1









857õ2ô@8ñà + Ł575ﬁŁ Du	5 æµãﬁ#ñ8uæµ5 õŁßà#|æ>à8ﬂõﬁ8ﬂ +,89à##Ł ½#Łßæµ5d:





êã78&êãuµõñ²#ŁßêÛã7885r:7õ757à98& µõñ8ﬃ &µà Cﬁñæµãﬁô@8óêã78ß89àö>ñ²57õﬁ89àà#ﬁé!ﬀñ89à
S(o, t)
àæµ5
















Dl$5ﬀ85 õﬁ69õãﬁŁuñß8ﬂß8 8&õﬁ8&9æ ouñ²Łßàæµ53õﬁ89àé7æµßæµ57æ oŁß89àEåD <D @ë&:








89à#ó +,857õﬁæ æµñ#ﬁéﬁŁßà8ﬃõ+ é7æû



































M\K ﬁæµ53r +,89à#Ł 698
|Hx − id| ≤ Cr(x)−1−. åD
  ë
+ Ł5Û6ñﬃﬂ}õﬁ898#889à##Ł 69889à#êã%+,8ß8õﬁ6|857õõﬁ8ﬂ9æµãﬁñ#ßﬁãﬁñ8E:>ãﬁ578õﬁ69ñæµŁßààØ5798ñ²ﬁŁßõﬁ8
õﬁ8rﬃ9æµãﬁñ#ßﬁãﬁñ8 6Łßæµñ8;ﬃõﬁ69ñæµŁßàà²5798;#ñæµãﬁô@698;|æµãﬁñ + é7æµßæµ57æ oŁß8%98;êÛãﬁŁ5%+,6²Łﬂuµàß8




ï	 F  D <D   |³µ¹±
(M4, g)
´°|¯ ¾µ«Ø¹ ¬±O¬ 	ÛÝØ¶ﬁ¯®«  





∀x ∈M, ∀ t ≥ 1, At3 ≤ volB(x, t) ≤ Bt3
¾µ¯
0 < A ≤ B ﬁ  ¸³µ«Ø­¸ß¯Ø­&¸¾ ²¯±­ 9³µ°lÙÛ¾µ¼½¯®°u± ¾µ´>ø σx ³µ°u±´°F¯ 	³>¸ ³µ°F³µ¼;¹]¯ Hx ¬«Ø¹ ¾µ°u±
|Hx − id| ≤ Cr(x)−2.
	5Qò Ł%>+,89à#óﬁã7àóö@6576ñ²: ﬁñæµFæ>àŁ#Łßæµ5dà#ãﬁŁô>5Û8½ñ69õãﬁŁó + é7æµßæµ57æ oŁß8 ﬃ + Ł575ﬁŁã
à#Łß85798óõ757àß8& µõñ8&æ)( æµ5  + õﬁ6/75ﬁŁß8A+
 âu¨¤7¨)¡ ¨)© D <D
 =

 óâ ))¥Û§XúC X¥  %¨¥Û¨©%¨/§  ¥  §©%ð©%    |³µ¹±
(Mn, g)
´°|¯




ﬁ }°­Ø´¶@¶³­ ¯3»9´  ¯®°  	¾@»´7¯o¶³µ¹°u±
x





2 inj(x) ≤ 2I2 ﬁ

¸ ³µ«Ø­
¸ 	³µ¸ ³>°l³µ¼;¹]¯ Ô¸  ¹° 	°7¹/ÙÛ¯
M





































∣∣τt(w)− vt −Hγ(t)(w)∣∣ ≤ Ct−2 inj(xt) |w| (inj(xt) + |w|).
)ô@89åD
 @ë8;ß|æµñ#578ﬂà#ãﬁñß8ﬂñ² è@æµ5ﬀõ+ Ł5)#89#ŁôŁ6uŁôŁß85
∣∣τt(w) − vt −Hγ(∞)(w)∣∣ ≤ Ct−1 |w| .
)ô@89
|τt(w) −w| ≥
∣∣Hγ(∞)(w) − w∣∣− |vt| − ∣∣τt(w)− vt −Hγ(∞)(w)∣∣ ,
æµ5ﬀæµßﬁ#Łß85
|τt(w)− w| ≥


















|τt(wt)− wt| ≥ 0.2t |sin θ/2| − C.
çñoß8¢ß8 8 D <D )ß8 8Eßﬁñ8 õﬁ8¢öÛã7é78289à#o9æ ouñ²ßﬁß8 








       ﬁﬀﬃﬂ), (+($#     ,.-  
$ﬂ  ﬁ#       , 	+ﬂ  #  *   ,* ﬀ'ﬂ 
 578&ﬁñ8oŁﬁﬀñ8&ò]  9æµ5.õﬁ8&õﬁ69ñ#Łñ8E;ö@69æ 6#ñ#Łß8óßæ ß8ó9æµ57àŁßà#8 oõŁñ8EêÛã%+,8ß8E89à#ﬁñæé78
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!ã7àõﬁæµñ 1A7õﬁ8rö@69æ 6#ñ#Łß8ó8ã7ŁßõŁß85ﬁ578Eõ757à;õŁ 857à#Łßæµ53Ł  69õŁ885ÛŁ5òÚ6ñ#Łß8ãﬁñ8>D
$5_à#ãﬁﬁ|æ>à8ñ²3ãﬁ578ﬃõﬁ69ñæµŁßàà²57982ãﬁßﬁŁßêã78ﬃõﬁ8Ô.9æµãﬁñ#ßﬁãﬁñ8>D/C3ñ²Łßàæµ5_89à#;3à#ãﬁŁô>5Û8>D

































õ+,æ)(ﬀ853à#ãﬁß7à#²5798o: ∣∣dexp∗x g − dgx∣∣ ≤ CΛ2r2dgx .

























´°F¯ﬀ ¾µ«®¹ ¬±O¬ó«Ø¹ ¯®¼¾µ°7°7¹ ¯®°7°|¯ ³>¼¶F¸ ±O¯r±O¯¸§¸ß¯r»´ﬁ¯
|Rm| = O(r−3)
¯±









L ≤ c−1r(x)  ¾µ¸³µ«²­ﬂ¸ 	³µ¸ ³>°l³µ¼;¹]¯ H Ùµ´ ¸¾ ²¯±
¬«Ø¹ ¯







¯±/ÙÛ¯Ø­ ³µ°ﬁ­± ¾µ°u±O¯Ø­ ¬#³µ¼½¬±Ú«®¹Ú»´7¯Ø­





M\K  ± ³µ´±ﬂ¬®¸ß¬®¼½¯®°u± τ Ùµ´2¶u­9¯®´ﬁÙ@³ µ«#³µ´ ¶7¯ 9³µ°lÙ@¾>¼¯°u± ¾µ¸ Γ(x, κr(x))
¬«Ø¹ ¯
∀w ∈ Bˆ(0, κr(x)), |τ(w)− tkvx(w)| ≤ J
³
vx
































∣∣p−1vx (w) − w∣∣ ≤ Cr(x)−2 |w| .
/539æ óßﬁŁ5u5Û989à89à##Ł 6989à7æµ5 æµßﬁ#Łß85Ûr:
|τvx(w) − tvx(w)| = |τvx(w) − vx −w| ≤ Cr(x)−2 |w|
çæµãﬁñæµãﬁ85#Łß8ñ5u#ãﬁñ8
i ≤ k uà#Ł%æµ52Fæ>à²8 ei = τ ivx − tivx
7æµ5ﬀrrò]æµñóãﬁß8
ei+1 − ei = e1 ◦ τ ivx .
)ô@89 ½7#æµñ²#Łßæµ5






|ei+1(w) − ei(w)| ≤ Cr(x)−2
∣∣τ ivx(w)∣∣ ≤ Cr(x)−1.
$5ﬀ85 õﬁ69õãﬁŁuññ69ãﬁñ#ñ85798 |ek(w)| ≤ Ckr(x)−1 89ô@89 k ≤ Lr(x) :
|τ(w)− tkvx(w)| =






 âu¨¤7¨)¡ ¨)© D <D
 <

£;¤7¤7âu¨ Ú|¨© oâu¨/¨  ó%¡ú)¨)âðð   F³µ¹Ú±
(Mn, g)
´°|¯
 ¾>«Ø¹ ¬±O¬E«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ²³µ¼¶l¸ 9±O¯;±O¯®¸¸¯E»´7¯
|Rm| = O(r−3)
¯±
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1
¾µ¯




L ≤ c−1r(x)  ¾µ¸³µ«²­ﬂ¸ 	³µ¸ ³>°l³µ¼;¹]¯ H Ùµ´ ¸¾ ²¯±
¬«Ø¹ ¯







¯±ÙÛ¯Ø­ ³µ°7­®± ¾µ°u±O¯®­ ¬#³µ¼½¬±Ú«®¹Ú»´7¯Ø­






















































H ∼= Rn−1 åÚæµ5 óãﬁ5ﬁŁ H õﬁ8Eà##ñ#ã7#ãﬁñ8
8ã7ŁßõŁß85ﬁ578óŁ57õãﬁŁ8&uñ

















h : Ω −→ B 89à# + ﬁﬁñæ Ł ½ û























|τ(v) − v − kvx| ≤ J
8õﬁæµ577uñß8ﬂ#é769æµñﬃﬀ8óõﬁ8ﬂç/è#éuö@æµñ8
|τ(v)H − v| ≤ J.
/5ﬀuµàà²5Ûã2ßuñ#è985#ñ8læµ52ñ69ãﬁ ﬀñ8
|h(expx v)− v| ≤ J.

Ł



































d(v, w) = d(y, z)
Dæ  8Ł ûOõﬁ89àà#ã7àæµ5Xæµßﬁ#Łß85Û
|h(y)− vH | ≤ J 8 |h(z) − wH | ≤ J uõ+,æ)(
||h(y)− h(z)| − |vH − wH || ≤ 2J.
/5ﬀuñ##ŁßãﬁŁß8ñuæµ5ﬀ852#Łñ8
|h(y)− h(z)| ≤ |vH − wH |+ 2J ≤ |v − w|+ 2J.
çñ9æ ouñ²Łßàæµ5uæµ53






d(v, w) ≤ (1 +Cr(x)−1) d(v, w)
õ+,æ)(
|v − w| ≤ d(v, w) + Cr(x)−1d(v, w) ≤ d(v, w) + C.
$5ﬀ85 õﬁ69õãﬁŁ










>D 2: |v′ − v′H | ≤ C
8 |w′ − w′H | ≤ C
Du$5 85ﬀõﬁ69õãﬁŁó:





89à# + Ł5Eã õﬁ89àõŁßà²57989à85#ñ8ß8ãﬁñàñ8ß8ô@69àõﬁæµ57
d(y, z) ≤ d(v′, w′) D7çñ9æ ouñ²Łßàæµ5uæµ5 #ñæµãﬁô@8ó9æ  8ﬂﬁã7àéuãﬁó:
d(v′, w′) ≤ ∣∣v′ − w′∣∣+ C.
)ô@89ﬂ989à#ñæµŁßàŁ576öÛŁ69à7ŁôŁß85Ûó:
d(y, z) ≤ ∣∣v′H − w′H ∣∣+ C
æ  8&æµ5. ∣∣|h(y)− h(z)| − ∣∣v′H − w′H ∣∣∣∣ ≤ 2J,
æµ53ñ#ñ#Łô@8@
d(y, z) ≤ |h(y)− h(z)| + 2J + C.
$53 æµ5#ñ6
|d(y, z)− |h(y)− h(z)|| ≤ I.
89ŁC9æµ57ãﬁ;ﬁñ8ãﬁô@8>D

+,6²F8rà#ãﬁŁô>5Û8ó9æµ57àŁßà#8@ñ6ö>ãﬁñ#Łßà8ñ + ﬁﬁñæ Ł ½#Łßæµ5X*ñæ æôÛûO!ã7àõﬁæµñ 1Xßæ ß8ó85






        ﬂ -/, 
 ﬀ ﬀ - 	$#&! 	$#&ﬀ 
C8oß8 8à#ãﬁŁô>5Û&ñ69àã 8;ãﬁ5X98ñ#²Ł5Q57æ óßﬁñ8½õ+,89à##Ł ½#Łßæµ57àEõﬁ699æµãﬁ5Eõ+ éè|æµ#é!ﬀ9à89à
à#ãﬁñEﬀ9æµãﬁñ#ßﬁãﬁñ8>D%89à;89à##Ł 6989à (ã7à²êÛã%+   +,æµñõñ8Ôõﬁ8ãXàæµ5rµà²à#ŁßêÛã789àDCmuñ##Łñ;õﬁ8 +,æµñõñ8
#ñæµŁßà757æµã7à5%+ 9ô@æµ57àuµà#ñæµãﬁô@6&õﬁ8ﬂñ6®ò]6ñ857987õﬁæµ57ﬂ57æµã7àﬁñæµFæ>àæµ57àãﬁ578ﬁñ8ãﬁô@8>D
ï	 F  D <D







a ≥ 2 ±O¯®¸º­E»´7¯
inj(x) >  ≥ 1
¯±









ﬁ }°3¾¾µ¸³µ«Ø­´°F¯ ²³µ°ﬁ­®± ¾>°u±O¯
C
±O¯®¸¸¯r»´7¯&­Ø´« ²¯±]±O¯o·#³>´¸ß¯ 
 |dρ| = r ≤  

∣∣∇2ρ− g∣∣ ≤ Cr2−a ≤ C2−a 

¯±%¶³µ´«







  ODç)æµãﬁñ¢ß89àÔ89à#Ł 6989àÔõ+,æµñõñ8.à#ãﬁ|6ñ#Łß8ãﬁñæµ5iŁ5Û#ñæõãﬁŁÔß8ﬀö>ñ²µõŁß85Û
N
õﬁ83bò]æµ57#Łßæµ5
r := d(x, .)
8æµ5bãﬁ#ŁŁßà8; +,69êãu#Łßæµ5Qõﬁ8;Łß9 #Ł|æµãﬁñ¢à899æµ57õﬁ8rò]æµñ8EòÚæµ57õ7 85²ß8õﬁ89à
à#ﬁé!ﬀñ89àö@69æõﬁ69à#Łßêã789à ∇N :
∇NS = −S2 −Rm(N, .)N.
ﬂ57àﬂ¢ﬁñ8ãﬁô@857æµã7àEµàà#Ł oŁßæµ57àﬂß89àò]æµñ89à&êãuµõñ²#ŁßêÛã789à@ﬃõﬁ89à&857õﬁæ æµñ#ﬁéﬁŁßà89àrà#è 6®û
#ñ#Łßêã789à D	
Łæµ5e9æµ57àŁßõ9ﬀñ8ﬃß8¢²éu ohõ+,857õﬁæ æµñ#ﬁéﬁŁßà89à
E := ∇2ρ − Id æµ5_ô@æµŁ;êã%+ Łà8
ñ6969ñ#Ł
E = dr ⊗N + rS − Id .

ŁCæµ52|æ>à8
V = grad ρ = rN
ﬁæµ5 æµßﬁ#Łß85Û +,69êãu#Łßæµ5
∇VE = −E −E2 −Rm(V, .)V.
/5ﬀ57æµ²5Ûrñ8#Łßæµ5 ∇V = Id+E 885369ñ#Łôµ5
∇V∇E = ∇∇VE −∇∇VE + Rm(V, .)E,
æµ5ﬀæµßﬁ#Łß85 +,69êãu#Łßæµ5
∇V∇E = −2∇E +E ∗ ∇E +∇Rm ∗V ∗ V + Rm ∗∇V ∗ V + Rm ∗V.
/53æµß7à8ñ#ôµ5êã78Fæµãﬁñ
k ≥ 2  ∇kV = ∇k−1E 7æµ53æµßﬁ#Łß85Ûuññ69ãﬁñ#ñ85798Ô:



















k+1∇kE  G = E/r 7æµ5.oŁ57à#Ł



















∂r |Fk| ≤ Ck |Fk| |G|+ |Hk|
89æ  8ﬂ +,89à#Ł 698,r +,æµñõñ8ó<;õŁêÛã78
r |G| 89à#|8#Łﬁæµ5 85 õﬁ69õãﬁŁãﬁ578ﬂ89à##Ł 698ﬂõã2è|8
|Fk| ≤ Ckr sup |Hk| Du$5 ô> æµ5Û#ñ8ñuññ69ãﬁñ#ñ85798& +,89à##Ł ½#Łßæµ5
|Fk| ≤ Ckrk+12−a−k
êãﬁŁ5%+,89à#ñ#Łß85ﬀõ+ ãﬁ#ñ8óêÛã78 ∣∣∣∇kE∣∣∣ ≤ Ck2−a−k,
æµãﬀ8579æµñ8 ∣∣∣∇k+2ρ∣∣∣ ≤ Ck4−a−(k+2).
$5 ãﬁñ²;õﬁæµ57 75ﬁŁ D	+ Ł5ﬁŁ#ŁŁßà²#Łßæµ5då
k = 0






àæµ57à ½Ł5Û85u5ß89à89à##Ł 6989à (ã7àêã%+ ﬂ +,æµñõñ8
k− 1 DÛ' + Łßõﬁ8õﬁ8 + éÛèFæµ#é!ﬀ9à8õﬁ8ñ69ãﬁñ#ñ85798
8õﬁ89à;ß|æµñ#5789àoà#ãﬁñ;b9æµãﬁñ#ßﬁãﬁñ8/æµ5ñ#ñ#Łô@8 3ßFæµñ#578ñ
Hk
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a ≥ 2 ±O¯®¸º­ó»´7¯








¸ ¾ ²³µ°7°F¯#ø>¹Ú³µ° ∇gˆ ÙÛ¯¸¾r¼¬9±Ú«Ø¹]»´7¯ gˆ = exp∗x g
­9¯ ²³µ¼¶¾µ«¯ ;¸¾ ³µ°7°|¯#øµ¹]³µ°;¶l¸¾>±O¯ ∇0

















a ≥ 2 ±O¯®¸º­E»´7¯

















µà²à8 <ö>ñ²57õ#Ûæµ5½µààãﬁñ89æµ5Ûô@8 Ł6õﬁ8ß|æµãﬁß89æµ57à#Łßõﬁ6ñ698>D	+,8 ﬁñ89àà#Łßæµ5
8 7µ8&õﬁ8oõŁ 16ñ85Û#Łß8ß8E9æµ57à#Łßõﬁ6ñ698ó89à#





D%çñr9æ ouñ²Łßàæµ5iåÚ8r9ô@89 + Łßõﬁ85#Ł u #Łßæµ5_ 57æû
5ﬁŁßêã78&õﬁ89à89à#uµ989à²5ﬁö@85Ûà rãﬁ5ﬀ89à#uµ98ﬂô@89æµñ#Łß8) ô@89&ãﬁŁ û  ﬂ8ë/læµ5ﬀ



















|γ¨| ≤ C1−a2 = C3−a.
C;òÚæµñEãﬁß8&õﬁ8&) èßæµñ




ò]æµãﬁñ#5ﬁŁßæµñà ∣∣v − w − Exp−1w v∣∣ ≤ C3−a.
çæµãﬁñ9æµ57ãﬁñ87æµ5369ñ#Ł
|(dρv)w − gx(w − v, .)| =
∣∣gˆw(Exp−1w v, .) − gx(v − w, .)∣∣







       	 
$ﬂ -/#	 	- 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 ﬀ +!+#&,.- 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$ﬂ ﬀ
  ﬀ # *ﬀﬃﬂ)*   ,* ﬀ'ﬂ 
+ ﬁﬁñæ Ł ½#Łßæµ5 *ñæ æ ôûO!ã7àõﬁæµñ 1 ßæ ß8êã7857æµã7à9ô@æµ57à9æµ57à##ñ#ãﬁŁ8ﬁã7àéuãﬁ5%+,89à#
uµàŁßàà8E:Ûß8#ñ²9ô>Ł89à##ñæµﬃö>ñæ>ààŁß8ñ|æµãﬁñ}ãﬁæµñ#Łßà²8ñ}õﬁ8óñ6ö>ãﬁñ#Ł6>Dæµã7àßæµ57à ½Ł5Û8®û
5u5Łßà²à8ñ7ñ6ö>ãﬁñ#Łßà8ñﬂ98#8;ﬁﬁŁß #Łßæµ5Q775.õ+,æµßﬁ85ﬁŁñãﬁ578 7ßﬁñ²#Łßæµ5.Łßà²à8>DuC½89éﬁ5ﬁŁßêã78
8oﬁßæè@698389à#oæµãﬁ¢à#Ł oﬁß885ÛÔãﬁ578ﬀ9æµ5ô@æµãﬁ#Łßæµ59æ  83õ757à ﬃ,ﬁã93( 8½à#ãﬁñ#æµãﬁ ﬃä)*  OD
	à²à85Û#Łß8ß885u57æµã7à ô@æµ57àß|89àæµŁ52õã2#é769æµñﬃﬀ8ó<D ;õﬁ8 ﬃä)*  ODﬁ-bŁßà}Fæµãﬁñ57æµ#ñ8ﬁñæµ|æ>à
98Eñ69à#ãﬁ²ö@6576ñ²õﬁ8ôñ²ﬂ#ñ8r	%576o7753õ+ ãﬁ#ŁŁßà8ñ,oﬁß8Ł5.õﬁ69ñæµŁßà²à²5798;ãﬁßﬁŁßêÛã78rõﬁ8&
9æµãﬁñ#ßﬁãﬁñ8>Ł57à#ŁêÛã78õﬁ89à)ﬁñæµﬁñ#Łß669à/õﬁ8à#è6#ñ#Łß8õﬁ8 + ﬁﬁñæ Ł ½#Łßæµ5¢*ñæ æ ôûO!ã7àõﬁæµñ 1¢êÛã78
57æµã7àñ6ö>ãﬁñ#Łßàæµ57à Dl89à89éﬁ5ﬁŁßêã789à5769989àà#Ł85é76µàãﬁ5ﬀ9æµ5Û#ñﬃ2µß8Eõﬁ89àõﬁ6ñ#Łô@6989à9æôµñ#Ł589à
õﬁ8}ﬂ9æµãﬁñ#ßﬁãﬁñ8 Ûæµ5oãﬁ#ŁŁßà8ñ²,ﬁß8Ł5ß8}uñ²ö>ñ²ﬁé78ﬁñ69969õﬁ85Û DÛ789à#	8579æµãﬁñ²ö@8 5õﬁ857æµ8ñ











é7æµñ#Ł < æµ5²ÔåŁ D,8>D
æµñ##é7æµö@æµ5uã 7ßﬁñ89àØë/uæµ53
e−C |v| ≤ |dfx(v)| ≤ eC |v| .






´°F¯  ¾µ«®¹]¬9±O¬r«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯
³>¼¶F¸ ±O¯r±O¯¸§¸ß¯r»´ﬁ¯
|Rm| = O(r−3) ¯9± |∇Rm| = O(r−4)
¯±
∀x ∈M, ∀ t ≥ 1, Atn−1 ≤ volB(x, t) ≤ Btn−1
¾µ¯




L ≤ c−1r(x)  ¾µ¸³µ«²­ﬂ¸ 	³µ¸ ³>°l³µ¼;¹]¯ H Ùµ´ ¸¾ ²¯±
¬«Ø¹ ¯




























¶l«¯Ø­9»´ﬁ¯E«®¹ ¯®¼¾µ°7°7¹ ¯®°7°F¯ ﬁ

|¯Ø­}·®«#¯®­­9³µ°u±/ÙÛ¯Ø­­9³µ´­  ¾µ«Ø¹ ¬±O¬Ø­&Ùµ¹ ¬#³µ¼³µ«O¶ 	¯Ø­ 
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¯9±&ÙÛ¯Ø­2·³µ«Ø°|¯Ø­Ô­®´«Ô¸ ¾ ³µ´«9·®´«¯.¯9±¸ß¯  ³>¸º´¼½¯ ÙÛ¯Ø­
·#³>´¸ß¯Ø­)Ô¸ ¹° 	°7¹ ﬁu¹	ÙÛ¯¶l¸º´­

³µ°b¾



























































































ﬁæµ52|8ãﬁ8/189#ã78ñãﬁ5ﬀ²éu5ﬁö@885Ûõﬁ8ôµñ#Łßﬁß8 o + Łßõﬁ8&õﬁ8 + Łßàæ 6#ñ#Łß8



















fˆ := f ◦ expx

hˆ := h◦ expx
D$5½æµßﬁ#Łß85ÛßæµñàòÚæµñEãﬁß8ó:





































−C−1dv ≤ dvol − dv ≤ C−1dv. åD <><@ë
8  ﬂ8uæµ52|8ãﬁ9æ ouñ8ñß89àõŁßà#²57989à8ã7ŁßõŁß85ﬁ5789à8ñ#Łß8½5ﬁ5ﬁŁß85ﬁ5789àuñ



























(hˆ(v)− vH)χ(|v − w|2 /2)dv
+
∫
vHχ(|v − w|2 /2)dv.
%82àãﬁﬁFæµñ#õﬁ8





C · −1 · n = Cn DCô@89;åD <&
ë
8;åD <@ë/læµ53ßFæµñ#578óß8óõﬁ8ãŁﬁﬀ8&8ñ8Euñ







vHχ(|v − w|2 /2)dv +O(n),
æ)( O(n) õﬁ69à#Łö>578ﬂãﬁ578ó8ñ#ñ8ãﬁñ ½70æµñ698&uñ Cn D
*ñµ98 2åD <><@ë/)åD <&





χ(|v −w|2 /2)dv +O(n−1).
	575u85257æµ²5Ûß89àæµñõñ89àõﬁ8ö>ñ²57õﬁ8ãﬁñ
∫








vHχ(|v − w|2 /2)dv∫
χ(|v − w|2 /2)dv
+O(1)
çñß8ﬂ²éu5ﬁö@885Ûõﬁ8ﬂôµñ#Łßﬁß8
z = v − w ﬁæµ5ﬀ85ﬀõﬁ69õãﬁŁó:
fˆ(w) − wH =
∫
zHχ(|z|2 /2)dz∫











































(|z|2 /2)zjdz = 0.
çñ9æµ5#ñ8ﬁãﬁ578ﬂŁ5Û6ö>ñ²#Łßæµ5.uñuñ##Łß8óõﬁæµ5ﬁ578&Fæµãﬁñæµãﬁ
























































































(|z|2 /2)(., .)dz = 0.
C
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 (|z|2 /2)(z, .) ⊗ (z, .)




 (|z|2 /2)dz1 . . . dzn
)
(ej , .)⊗ (ek, .),
êãﬁŁ%àæµ5Û5Ûãﬁßàuñuñ#Ł6>D7æµ57:
∇2fˆw = O(−2).
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Cﬀ9æµ5ﬁ578 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#ãﬁñ8uñ##ŁßãﬁŁﬁﬀñ8õﬁ8ö@69æ 6#ñ#Łß8Fæµãﬁñ%ß #Łñ)ãﬁ578ﬁﬁñæ Ł ½#Łßæµ5½*ñæ æôÛûO!ã7àõﬁæµñ 1ﬁñæé78
õ+ ãﬁ578óﬁñæ-089#Łßæµ5b8ã7ŁßõŁß85ﬁ578lõﬁæµ57;µàà8 <Eà#è 6#ñ#Łßêã78u98óêÛãﬁŁ)ãﬁŁC|8ñ8õﬁ8ﬂßﬁŁß85.à8&ñ6ö>ãû
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»´¹ ¬®«®¹ ¯ ∣∣fx − φx,x′ ◦ fx′∣∣ ≤ C,∣∣Dfx −Dφx,x′ ◦Dfx′∣∣ ≤ Cr(x)−1,
¯± ∣∣D2φx,x′∣∣ ≤ Cr(x)−2.
÷°½¶l«¬Ø­9¯° ²¯oÙµ´ ³µ°u±Ú« µ¸ß¯
∀ i ≥ 2, ∣∣∇i Rm∣∣ = O(r−2−i),
³µ°M¾ﬃ¾µ´­²­Ø¹












å EõŁßà#²5798 oŁ5ﬁŁ ½ß8õﬁ8
Hx
ë/8
τu := Expu ◦(Tu expx)−1




ë®Du$5ﬀ9æµ57àŁßõ9ﬀñ8ﬂ + ﬁﬁŁß #Łßæµ5
φx,x′ := fx ◦ expx′ |fx′ (Ωx,x′).
 75 õﬁ8ﬂæµãﬁñ² 8578ñõ757à
TxM
ﬁæµ5ﬀ69ñ#Ł
φx,x′ ◦ fx′ ◦ expx = fx ◦ expx′ ◦fx′ ◦ expx
/9ô@89ﬂ;ñ8#Łßæµ5
expx ◦τu = expx′
ﬁæµ52F8ãﬁñ8®ò]æµñóãﬁß8ñ98#8ﬂŁßõﬁ85Û#Ł6Eàæµã7àEò]æµñ8
φx,x′ ◦ fx′ ◦ expx = fx ◦ expx ◦τu ◦ fx′ ◦ expx′ ◦τ−1u
àæµŁ
φx,x′ ◦ fx′ ◦ expx = fˆx ◦ f˜x′
åD <@?>ë
 ô@89
fˆx = fx ◦ expx
8
f˜x′ = τu ◦ fx′ ◦ expx′ ◦τ−1u
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õﬁ69à#Łßêã789à}uñ#²5Ûõﬁ8
u
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V = (dτu)0 ◦
(T0 expx′)
−1(vx′)






































|τvx(u)− u− V | ≤ Cr(x)−2.
)ô@89 +,89à##Ł ½#Łßæµ5
|τvx(u)− u− vx| ≤ Cr(x)−1,
æµ5ﬀ85 õﬁ69õãﬁŁ







õﬁ8oàæµñ#8oêã%+ 9ô@89 Uˆ :=
Bˆ(0, κr(x)) ∩ Bˆ(u, κr(x′)) ß89àß|æµãﬁàõ+ éè|8ñ#ﬁ57à	%5789à (u+ V ⊥) ∩ Uˆ 8 (u+ v⊥x ) ∩ Uˆ
ñ89à#85?oõŁßà#²5798&ßFæµñ#57698>D
	5 9æµ57à#Łßõﬁ6ñ²5Ûrö@69æõﬁ69à#Łßêã78uñ² 6#ñ698uñ
γ(t) = Expu tW
9ô@89
W⊥V 8 |W | ≤
Cr(x)
ﬁæµ5ﬀæµßﬁ#Łß85õﬁ8  ﬂ8ﬂö>ñµ98@ D <D
 +3:
|ExpuW − u−W | ≤ Cr(x)−2r(x)2 = C.
89Łà#Łö>5ﬁŁ u8bêÛã78ﬀß8ﬀß|æµãﬁﬃõ+ éÛèF8ñ#ﬁ5 	%578
(u + V ⊥) ∩ Uˆ 8¢ß8ﬀß|æµãﬁÔõ+ éè|8ñà#ãﬁñ0ò µ98
τu(Bx′) ∩ Uˆ = Expu V ⊥ ∩ Uˆ
ñ89à#85Û ;õŁßà#²5798ﬂß|æµñ#57698>D
	æµ5ﬃ8529æµ57ãﬁêã78




 + ﬁﬁŁß #Łßæµ5
Ψ
õﬁ6/75ﬁŁß8óõﬁ8
τu(Bx′) ∩ Uˆ õ757à (u+ v⊥x ) ∩ Uˆ
uñ











































ψ◦ f˜x′ 8õﬁæµ57 f˜x′ à²æµ5Û C û ﬁñæé789à/õﬁ8}ﬁñæ-#89#Łßæµ5æµñ##é7æµö@æµ5uß8
à#ãﬁñ






: ∣∣∣f˜x′(w) − wHx − (u− uHx)∣∣∣ ≤ C.




∣∣∣fˆx ◦ f˜x′(w) − fˆx(w)∣∣∣ ≤ C.

ŁCæµ5 à²8ñ²ﬁF8ß8ﬂ;òÚæµñEãﬁß8 D <@? 7æµ5ﬀ9æµ57à#²8óêÛã78ﬂ989ŁCõﬁæµ5ﬁ578




∣∣φx,x′ ◦ fx′ − fx∣∣ ≤ C.
/57àãﬁŁ87õﬁ8ﬂrñ8#Łßæµ5 D <@? uæµ5 õﬁ69õãﬁŁ
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 +,89à##Ł ½#Łßæµ5eåD <
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∣∣∣D(φx,x′ ◦ fx′ ◦ expx)−Dfˆx∣∣∣ ≤ Cr(x)−1,




































æµ5 ñ69ãﬁ ﬀñ8 ∣∣∣∣Dfx(W ′)∣∣− ∣∣W ′∣∣∣∣ ≤ Cr(x)−1 ∣∣W ′∣∣
8 ∣∣|W | − ∣∣W ′∣∣∣∣ ≤ Cr(x)−1 ∣∣W ′∣∣ .
/5369ñ#Łôµ5
∣∣∣∣Dφx,x′W ∣∣− |W |∣∣
≤ ∣∣∣∣Dφx,x′(Dfx′W ′)∣∣− ∣∣DfxW ′∣∣∣∣+ ∣∣∣∣DfxW ′∣∣− ∣∣W ′∣∣∣∣+ ∣∣∣∣W ′∣∣− |W |∣∣
≤ ∣∣Dφx,x′(Dfx′W ′)−DfxW ′∣∣+ ∣∣∣∣DfxW ′∣∣− ∣∣W ′∣∣∣∣+ ∣∣∣∣W ′∣∣− |W |∣∣
8852ãﬁ#ŁŁßàØ5ÛråD >=@ë/uæµ5ﬀæµßﬁ#Łß85Ûõﬁæµ57
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
$5.ãﬁñ²6öÛß885ÛßF89à²æµŁ5ﬀõﬁ8&9æ ouñ8ñ85#ñ8ó8ß89à989àﬁﬁŁß #Łßæµ57àlõ+,æ)(  + ãﬁ#ŁŁ6óõã
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³µ°b¾
∣∣φx,x′′ − φx,x′ ◦ φx′,x′′∣∣ ≤ C.















∣∣fx − φx,x′ ◦ fx′∣∣ ≤ C 8 ∣∣fx′ − φx′,x′′ ◦ fx′′∣∣ ≤ C.
æ  8
φx,x′
89àãﬁ578ﬂêÛãuµàŁ û Łßàæ 6#ñ#Łß87ŁôŁß85Ûó:
∣∣fx − φx,x′ ◦ φx′,x′′ ◦ fx′′∣∣ ≤ ∣∣fx − φx,x′ ◦ fx′∣∣+ ∣∣φx,x′ ◦ (fx′ − φx′,x′′ ◦ fx′′)∣∣ ≤ C.
;+ ãﬁ#ñ8ﬂuñ#7æµ53õŁßà#Fæ>à²8ﬂõﬁ8 ½70æµñ²#Łßæµ5
∣∣fx − φx,x′′ ◦ fx′′∣∣ ≤ C,
õﬁ8&à²æµñ#8ﬂêÛã%+,æµ5 #ñæµãﬁô@8&uñ + Ł576öÛŁ6&#ñ#Ł5ﬁö>ãﬁŁñ8
∣∣(φx,x′′ − φx,x′ ◦ φx′,x′′) ◦ fx′′∣∣ ≤ C,
%8ﬁñ8oŁß8ñóñ69à#ãﬁ²rà#ãﬁŁóõﬁ8o2àãﬁñ 089#ŁôŁ6õﬁ8
fx′′
à#ãﬁñﬂ < æµ578½9æµ57à#Łßõﬁ6ñ698>D)	+ ﬁﬁŁß #Łßæµ5
fx′′
6²5Ûãﬁ578ﬂà#ãﬁß 8ñà#Łßæµ5uß8  ﬂ8ﬂñ²Łßàæµ5ﬁ57885Ûò]æµ57#Łßæµ5ﬁ578ó9ô@89óß89àõŁ 1|6ñ85#Łß8ß89à D
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f˜x′ = φx′,x ◦ fx
­®´«
B(x, δr(x))∩B(x′, δr(x′)) ﬁ r¯	¶l¸º´­  ²¯±]±O¯ﬂ°l³µ´ ¯®¸¸¯ }·®«0¾@±Ú¹Ú³µ° ³° ¹]ÙÛ¯ﬂ¾¯ ¸  ¾µ° 9¹]¯®°u°F¯
¯®°QÙÛ¯ 	³µ«Ø­EÙÛ¯
B(x, γr(x))
¯±¶¾µ«± ³µ´±³ﬀ³>°M¾  ¾µ¹Ú±ÙÛ¬Ü 
fx′ = φx′,x ◦ fx ¯9±³µ°M¾
∀ i ∈ [0, 2],



























 +,89à##Ł 698 ∣∣∣∇kλ∣∣∣ ≤ Ckr(x)−k,
õﬁ699æµãﬁ5õﬁ89à}ß|æµñ#5789àà#ãﬁñß89àõﬁ6ñ#Łô@6989àõﬁ8
fx
Dﬁ%89à89à#Ł 6989à5ﬁ57æµ5796989àà +,æµßﬁ#Łß85ﬁ5785Ł  6®û
õŁ88585ﬀõﬁ6ñ#Łô>5Ûrñ8#Łßæµ5
f˜x′(y)− fx′(y) = λ(y)
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B(x, δr(x))  B(x′, δr(x′))
¯±
B(x′′, δr(x′′))
­  ¹°u±O¯®«Ø­9¯ 9±O¯®°u±
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±O¯®¸»´  ¯®°Ô¶l¸ ´Û­ 
φ˜x′,x′′ = φx′,x ◦ φx,x′′
­®´«
fx′′(B(x, δr(x))∩B(x′, δr(x′))∩B(x′′, δr(x′′)) ﬁr¯/¶l¸º´­  Ø¯°l³µ´ ¯#¾µ´2Ùµ¹ ¬#³µ¼³µ«O¶ 	Û¹§­Ø¼½¯




φx′,x ◦ φx,x′′  ³µ°M¾¢¯°M³>´±Ú«¯
∀ i ∈ [0, 2],
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(Mn, g)
´°F¯  ¾µ«®¹ ¬±O¬Ô«Ø¹ ¯®¼¾µ°7°u¹]¯®°u°F¯
³>¼¶F¸ ±O¯r±O¯¸§¸ß¯r»´ﬁ¯
|Rm| = O(r−3) ¯9± |∇Rm| = O(r−4)
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L ≤ c−1r(x)  ¾µ¸³µ«²­&¸ 	³µ¸³µ°l³µ¼;¹ ¯ H
Ùµ´ﬀ¸ ¾ Ø¯± ¬®«®¹ ¯
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n−1 8êã78 ψx ◦ pi
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xi
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i ∈ I l8ßàêã78rFæµãﬁñæµã7àŁ57õŁß989àß89à

































i 6= j õﬁ8 I uæµ5ﬀ





















fi ≈ φi,jfj 85 fi = φi,jfj Dl$5ﬀﬁñæ.ﬀ9õﬁ8 
ãﬁ578  ouö>578õ+ 7(ã7à#885àõﬁ89à
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{a1 < · · · < ak} ≺ {b1 < · · · < bl}

































89à#ãﬁñ8ñ²or²Łß8óõﬁ89àõﬁæ ½Ł5789à r +,6²|8 A D
 éuµêã78 6²|8 A := {a1 < · · · < ak} æµ51ßu9è@8  +,857à8Eßﬁß8_õﬁ89à.6ß685à I =
(i1, · · · , ik) õﬁ8 Sa1 × · · · × Sak
DlVàæµã7à0ûO6²|8 I 7æµ5.à + Ł5Û6ñ89à²à8@ ΩI := Ωi1(αmA+1) ∩
· · · ∩ Ωik(αmA+1)
Duò ãﬁñ8½ñêã78ñêã78ﬂ57æµ#ñ8ó²é7æµŁ 3õﬁ8ﬂuµêã78àöÛñ²5#Łêã78&æµãﬁ89àß89à
Ł58ñà89#Łßæµ57à
Ωi1(αmA)∩ · · · ∩Ωik(αmA)
#ñ²Ł6989à Eãﬁ578  ﬂ86²|8àæµ5ÛõŁßà #æµŁ5Û89àõﬁ8ã













9æ  8ﬂõ757à D <D
 ﬁõﬁ8



































ﬁñﬃﬀ9à989Ł 7æµ5 |8ãﬁ7#æµãﬁ8ñêÛã78æ)( 98rãﬁ5ﬀà857àﬁæµ5.rFæµãﬁñ {p, q} ⊂ [2, k]








$5M8/189#ã78o989àæµF6ñ²#Łßæµ57à|æµãﬁñæµã7àß89à I |æ>àà#Łßﬁß89àoåÚ98;êÛãﬁŁ89à#ò Ł ¢éuµêã78 I 89à#
Ł57õﬁ6|857õ75ÛØë/lﬁãﬁŁßàæµ5 uµàà²8,r +,6²F8&àãﬁŁôµ58&õ757à +,æµñõñ8óõﬁ69ñ#ŁŁ ûOõﬁ89àà#ã7à D
ã æ 85ÛMæ)( æµ5Vuµàà²8Xõ+ ãﬁ578e6²F8 õã1OèF8 {a1 < · · · } ãﬁ578d6²|8dõã1Oè|8
{b1 < · · · } @9ô@89 a1 6= b1 >æµ5|8ãﬁ	ñ8½ñêÛã78ñêÛã78ß89àA7ßﬁñ²#Łßæµ57à fi 8	ß89à	õŁ 169æ æµñ#ﬁéﬁŁßà89à
φi,j
àæµ5õﬁ6/75ﬁŁ#Łô@885Û  ﬁ69àà#ãﬁñß89àæµãﬁô@8ñ#àõﬁæµ5Ûß8ﬂ5Ûã 6ñæÔ89à#õ757àß8ﬂuµêÛã78
Sa1
:785
8/18Ûß8ﬁñæ969õﬁ6õﬁ8ßuñ#è985Û#ñ8ﬂõﬁ89àß8 89à D <D
 r8 D <D <>=E578éu5ﬁö@8uµà}98êÛãﬁŁ|89à#}õﬁ6 =
ßﬁŁß85%D7Ł57à#Ł ﬁà#ãﬁñ989à < æµ5789àﬁæµ5ﬀà +,89àµàà#ãﬁñ6ﬂõﬁ6/75ﬁŁ#Łô@885Ûõﬁ89àE¬ Û¾µ¸º¹Ú±O¬Ø­
fi = φi,jfj
D
8  ﬂ8ã æ 85Û/æ)(Eæµ5Euµàà8õ+ ãﬁ5786²|8õãóè|8 {a1 < · · · < ak} ãﬁ5786²|8õã
è|8 {a1 < · · · < bk−1} ß89à$7ßﬁñ²#Łßæµ57à fi 8ß89àõŁ 169æ æµñ#ﬁéﬁŁßà89à φi,j àæµ5}õﬁ6/75ﬁŁ#Łô@885
 ﬁ69àEàãﬁñóß89àEuñ##Łß89àrõãdOèF8
ΩI





æµ52à +,89à#µàà#ãﬁñ6õﬁ89àﬂ¬ @¾µ¸ ¹±O¬Ø­
fi = φi,jfj
8ß8#ñ² ôµŁ)à#ãﬁñß89àŁ58ñà89#Łßæµ57àõ+,æµñõñ8
k − 1 578F8ñ##ãﬁñ#ß|8ñ²;uµà98&êãﬁŁC;õﬁ6 ﬃo66ò]Ł D







φi,j ◦ fj = fi à#ãﬁñ Ωi ∩Ωj D7$5

 <






















 ﬁñæ-#89#Łßæµ5VµààæŁß69à D}%89àﬀﬁﬁŁß #Łßæµ57à
fi
uµàà²85Ûﬀã êã7æµ#Łß85Ûﬀ85'õﬁ89à






(n− 1) û ô>ñ#Łß66&æµãﬁô@8ñ#8:|æµãﬁñéuµêã78&9æµãﬁﬁß8 i, j 8Cêã7898½óãﬁ5 à²857à fˇifˇj−1 = φi,j
89à#ãﬁ5;õŁ 1|69æ æµñ#ﬁéﬁŁßà885#ñ8}æµãﬁô@8ñ#à/õﬁ8
R




         %  % -1# ﬀ $ﬀ * , "!$#&,.-  
 ﬀ
  ﬀﬃ# * ﬀﬃﬂ	
ﬂ57à¢98ﬀuñ²ö>ñ²ﬁé78}æµ5ià8 ﬁµ98.à#ãﬁñ½ãﬁ578ﬀôµñ#Łß663ñ#Łß8½5ﬁ5ﬁŁß85ﬁ578b9æ oﬁﬁﬀ8b9æµ5ﬁ578 8
(Mn, g)

n ≥ 4 l9ô@89
|Rm| = O(r−3) 8 |∇Rm| = O(r−4),
∀ i ≥ 2, ∣∣∇i Rm∣∣ = O(r−2−i)
8















L ≤ c−1r(x) 7ßæµñà + é7æµßæµ57æ oŁß8 H
õã µ98ô@6ñ#Ł u8










































M\K 8ß89à 0uæµà φt åÚ9æ  8Ł ûOõﬁ89àà#ã7àØë	àæµ5Û}õﬁ89àŁßàæ 6#ñ#Łß89àFæµãﬁñ h D$5¢ô@8ãﬁ









ï	 F  D <D <><  C¾ÔÙ¬®«Ø¹ ¬¯ ³ ¾µ«®¹]¾µ°u±O¯;ÙÛ¯
V
­  ¯Ø­®±Ú¹¼½¯¶ﬁ¾µ«











f : Ω −→ Rn−1  + ãﬁ578&õﬁ89à 7ßﬁñ²#Łßæµ57àßæ ß89àõﬁ6/75ﬁŁß89àã ô@æµŁßà#Ł5uö@8óõãﬀFæµŁ5õ+,6#ã7õﬁ8>D
çñ9æµ57à##ñ#ã7#Łßæµ5uæµ53
df(V ) = 0
uõ+,æ)(ﬀ85 õﬁ6ñ#Łôµ5E:





(∇V, V ) = 0 åD ><@ë
õ+,æ)(*r + Łßõﬁ8óõﬁ8½åD <D
 @ë&: |∇V | ≤ C ∣∣∇2f ∣∣ ≤ Cr−2 Dl$5 ﬁñæ.ﬀ9õﬁ8&857à#ãﬁŁ8óuññ69ãﬁñ#ñ85798
85oà#ãﬁﬁ|æ>à²5Û/ß8ñ69à#ãﬁ²/ôñ²Ł-(ã7à²êÛã%+  +,æµñõñ8










98&êãﬁŁ|8ñ8õ+,89à##Ł 8ñ;9æ o|æ>à²5Û8Eæµñ##é7æµö@æµ5uß8Eã 7ßﬁñ89àõﬁ8 ∇kV uñ
∣∣∣∇kV ⊥∣∣∣ ≤ Ck k−1∑
i=1
∣∣∣∇1+k−if ∣∣∣ ∣∣∇iV ∣∣+ Ck k−1∑
i=0
∣∣∣∇1+k−if ∣∣∣ ∣∣∇iV ∣∣ .
çñﬂéÛèFæµ#é!ﬀ9à²8oõﬁ8;ñ69ãﬁñ#ñ85798o8½åD <D
 @ë/|ŁôŁß85Û:
∣∣∇kV ⊥∣∣ ≤ Ck(r−k + r−k) ≤ Ckr−k D
;+ ãﬁ#ñ8ﬂuñ#7853õﬁ6ñ#Łôµ5EåD ><@ë/uæµ52ô@æµŁêã78
∣∣∣(∇kV, V )∣∣∣ ≤ Ck k−1∑
i=1
∣∣∣∇k−iV ∣∣∣ ∣∣∇iV ∣∣ ,
õ+,æ)(Muñ&éè|æµ#é!ﬀ9à8oõﬁ8;ñ69ãﬁñ#ñ85798 :


























































φt∗[V,∇tXY ] + φt∗
d
dt
∇tXY = ∇[V,φt∗X]φt∗Y +∇φt∗X [V, φt∗Y ],
98&êãﬁŁ 79ô@89ÔåD @ë}8 + Ł5Ûô>ñ#Ł5798óõﬁ8
V
àæµã7àß8 0uæµuà8ﬂà#Ł oﬁŁ u8&85
d
dt




∇tXY = ∇t[V,X]Y +∇tX∇tV Y −∇tX∇tY V −∇tV∇tXY+∇t∇tXY V = Rm











t ≤ t0 
|gt − g| ≤ C0r−2,





























g(X,X)e−Lt ≤ gt(X,X) ≤ g(X,X)eLt.

 ><
%8&ß8 8 D <D <;ß|æµñ#578 L :
g(X,X)e−Cr
−2 ≤ gt(X,X) ≤ g(X,X)eCr−2 ,







(∇tXgt)(Y,Z) = 0 = X · gt(Y,Z)− gt(∇tXY,Z)− gt(Y,∇tXZ),
8
(∇Xgt)(Y,Z) = X · gt(Y,Z)− gt(∇XY,Z)− gt(Y,∇XZ),
õﬁæµ577àŁ%æµ5 57æµ8
At
ß8&857à8ãﬁñ ∇t −∇ Ł%ôŁß85Û
(∇Xgt)(Y,Z) = gt(At(X,Y ), Z) + gt(Y,At(X,Z)).
$5 ñ8#Łß857õñ²o +,69ñ#Ł#ãﬁñ8óà#ãﬁŁô>5Û8:
∇gt = gt ∗At. åD !+ë




(Rms(., V )−∇s,2V )ds.
çñŁ5ôµñ#Ł5798&õﬁ8&;9æµãﬁñ#ßﬁãﬁñ8óàæµã7àŁßà²æ 6#ñ#Łß89à7æµ53




8ö>ñµ98@2åD @ë 0æµŁ5?r + Ł5Ûô>ñ#Ł5798rõﬁ8
V
àæµã7àß850uæµ





8 ∇2V :åD @ëﬂ9æµ57õãﬁŁ% ∣∣Rmt∣∣ ≤ Cr−2 åÚ8  ﬂ8
r−3
ë/
∣∣∇t,2V ∣∣ ≤ Cr−2 8 ∣∣At∣∣ ≤ Cr−2 D

ãﬁﬁ|æ>àæµ57à ½Ł5Û85u5Û/êã%+,æµ5EŁæµ5#ñ6êã78/|æµãﬁñ%ãﬁ5ó98ñ#²Ł5
k ≥ 1 9|æµãﬁñ 0 ≤ i ≤ k−1
8
t ≤ t0  ∣∣∇i(gt − g)∣∣ ≤ Cr−1−i∣∣∇i Rmt∣∣ ≤ Cr−2−i∣∣∇i∇t,2V ∣∣ ≤ Cr−2−i
/5ﬀuñ##ŁßãﬁŁß8ñuæµ53












∣∣∇kgt∣∣ ≤ Cr−1−k D/ç)æµãﬁñ½9æµ5#Ł5Ûã78ñæµ5ﬀß|89àæµŁ5
õ+,89à##Ł 8ñ
∣∣∇t,iAt∣∣  i ≤ k − 1 DFçæµãﬁñ98óò Łñ8læµ5.õﬁ699æ oFæ>à8r½9æµ5ﬁ578 Łßæµ5 ∇t 85 ∇+ At D
89Łﬁ|8ñ8	õﬁ8ßFæµñ#578ñ
















7õﬁæµ57 ∣∣∇t,iAt∣∣ ≤ Cr−2−i.














(1 + α)mα + β = k.
çñ}åD 

ëC8åD @ë/ æµ5ó|8ãﬁ)89à##Ł 8ñ
∣∣∇t,β Rmt∣∣ uñ ∣∣∇β Rm∣∣ 8õﬁæµ57	uñ r−2−β Dã,75u 
æµ5o#ñæµãﬁô@8
∣∣∇k Rmt∣∣ ≤ Cr−2−k D>/5oﬁñæ969õ75Ûõﬁ8  ﬂ8>æµ5æµßﬁ#Łß85 ∣∣∇k∇t,2V ∣∣ ≤ Cr−2−k
8æµ5 9æµ57ãﬁuñß8ﬂﬁñ#Ł57Ł|8&õﬁ8ñ69ãﬁñ#ñ85798>D

$5.ãﬁñ²ã7àà#Łß|89àæµŁ5 õ+,89à##Ł 8ñoßæµ5ﬁö>ã78ãﬁñõﬁ89à 7ßﬁñ89àﬁõﬁæµ5ﬁ57698óuñrò]æµ57#Łßæµ5
l
D











M\K D}/5 õﬁ6ñ#Łô>5Ûæµ5 #ñæµãﬁô@8 dl ⊗ V + Tφl = id 82à#Ł
 +,æµ5Q9æµ57à#Łßõ9ﬀñ8;ß8;ﬁñæõãﬁŁ&à Łñ8 ô@89
V
FŁ/ôŁß85Û





∇i(g − gl) ∗ ∇k−1−iV,

 !+













¸ß¯E¸ ³>°( ÙÛ¯E¸¾ ·®«#¾>±Ú¹]³µ°
¯®° ²¯« ¸ß¯Ø­o³Û·¬®¹Ú±¾>´µø2¯Ø­±Ú¹§¼½¬¯Ø­




k ≥ 1  ∣∣∣∇kh∣∣∣ ≤ Ckr−1−k,
³
Ck














































∣∣∇kh∣∣ ≤ Cr−1−k D 
á¨âu¨¥Û¥@)â  D <D <

 C¾ ³>´« ·®´«#¯½ÙÛ¯
h





çæ>àæµ57à ∇h = ∇g +A 8æµß7à8ñ#ô@æµ57àEò]æµñóãﬁß8
Rmh(X,Y ) = Rmg(X,Y ) +∇gYA(X)−∇gXA(Y ) +A(Y )A(X) −A(X)A(Y ).
$ñ&æµ5X |Rmg| ≤ Cr−3 8ﬂ¢ﬁñæµFæ>àŁ#Łßæµ5 D <D <@?½òÚæµãﬁñ#5ﬁŁ |A| ≤ Cr−2 8 |∇gA| ≤ Cr−3 D







































 âu¨¤7¨)¡ ¨)© D <D <
X
¯Ø­±	Ùµ¹ ¬³µ¼³µ« ¶ 	¯&¾µ´ ³µ¼¶l¸ß¬®¼½¯®°u± ¾>¹§«¯&Ù ´°F¯&·#³µ´¸ß¯óÙ@¾>°ﬁ­
R
n−1 
¬*µ¯®°u±Ú´7¯®¸§¸ß¯®¼½¯®°u±/»´ﬁ³>±Ú¹ ¯®°u±O¬/¶¾µ«´°½­³µ´­  µ«0³>´ ¶ﬁ¯	°7¹%ÙÛ¯


















àæµ5õﬁ89àéu o7àõﬁ8ô@898ãﬁñàãﬁ5ﬁŁ²Łñ89àæµñ##é7æµö@æµ5uã 8é7æµñ#Ł < æµ5²ãﬀà#ãﬁñ
M\K 
ßæµñà




%8&ﬁñ8oŁß8ñ8ñ8&õﬁ69ñæ-:ßãﬁßﬁŁßêã7885Ûuñß8ﬂ9æµñæµŁñ8 D <D <

Du8&ﬁã7à
h([Y,Z], V ) = −(∇Y h)(Z, V )− h(Z,∇Y V ) + (∇Zh)(Y, V ) + h(Y,∇ZV ).
çñß8ß8 8 D <D <><8ß8ﬂ9æµñæµŁñ8 D <D <@? 7æµ53æµßﬁ#Łß85Û
|h([Y,Z], V )| ≤ Cr−2.
;+,æ)(X: ∣∣Secthˇ(pi∗Y ∧ pi∗Z)∣∣ ≤ Cr−3.
/9æ  8E½ñæµŁßààØ5798óõã.ô@æµã 8Eõﬁ89àß|æµãﬁß89àõ757à
(X, hˇ)
89à# ½ Ł ½ß8|98#8rõﬁ69ñæµŁßà0û
à²5798ﬀãﬁßﬁŁßêÛã783õﬁ82M9æµãﬁñ#ßﬁãﬁñ83F8ñ8½õ+ ﬁﬁŁßêã78ñ½ß8ﬀñ69à#ãﬁ²½õﬁ8 ﬃ,B
ﬂ  /ñ²ﬁ|8ß6 õ757à
 + Ł5#ñæõã7#Łßæµ5_å#é769æµñﬃﬀ8E=D =D @ë®D

       * , 

$5. æµ5Û#ñ6&ß8#é769æµñﬃﬀ8Eà#ãﬁŁô>5Û D
 óC7¨)âF  D <D >=  |³µ¹±
(Mn, g)  n ≥ 4  ´°F¯  ¾µ«®¹]¬9±O¬}«®¹]¯®¼¾µ°u°7¹]¯°7°F¯ ³µ¼¶l¸ ±O¯  ²³µ°7°F¯#ø¯ 
Ù@³>°u±	¸¾ ³µ´«9·®´«¯)¬®«®¹ }¯
|Rm| = O(r−3) ¯± |∇Rm| = O(r−4),
¾µ¹°ﬁ­®¹/»9´ﬁ¯
∀ i ≥ 2, ∣∣∇i Rm∣∣ = O(r−2−i)
¯±}Ù@³µ°l±	¸ß¯ ³µ¸º´¼½¯rÙÛ¯Ø­r·#³µ´¸ß¯Ø­ﬀ¬®«®¹ ¯















L ≤ c−1r(x)  ¾µ¸³µ«²­&¸ 	³µ¸³µ°l³µ¼;¹ ¯ H
Ùµ´ﬀ¸ ¾ Ø¯± ¬®«®¹ ¯












n−1  ´°_­³>´Û­* µ«#³µ´¶ﬁ¯ﬀ	°7¹ G
ÙÛ¯
O(n− 1) ¯±/´°F¯ ·®«#¾>±Ú¹Ú³>°b¯®° ²¯®«¸¯®­ pi : M\K −→ (Rn−1\B)/G ﬁ r¯¶F¸º´­  ¸ ¾¼½¬±Ú«Ø¹]»´7¯ g




∀ k ∈ N∗,
∣∣∣∇k(g − pi∗g˜ − η2)∣∣∣ = O(r−1−k)
³
η2






n−1  Ù  ³µ«#Ùµ«¯
1
­Ø¹
n ≥ 5  Ù ³µ«#Ùµ«#¯ τ ¶³µ´«ó± ³µ´± τ < 1 ­Ø¹ n = 4 ﬁ
	5ﬀà8ñ²ﬁ|85Ûõﬁ8oﬁñ8oŁﬁﬀñ8ﬂuñ##Łß8óõﬁ8ﬂ98 6æµŁñ8uæµ53ñ#ñ#Łô@8óã
 óC7¨)âF  D <D &
  |³µ¹±
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L ≤ c−1r(x)  ¾µ¸³µ«²­&¸ 	³µ¸³µ°l³µ¼;¹ ¯ H
Ùµ´ﬀ¸ ¾ Ø¯± ¬®«®¹ ¯












n−1  ´°_­³>´Û­* µ«#³µ´¶ﬁ¯ﬀ	°7¹ G
ÙÛ¯
O(n− 1) ¯±/´°F¯ ·®«#¾>±Ú¹Ú³>°b¯®° ²¯®«¸¯®­ pi : M\K −→ (Rn−1\B)/G ﬁ r¯¶F¸º´­  ¸ ¾¼½¬±Ú«Ø¹]»´7¯ g
¬«Ø¹ ¯ ∣∣g − pi∗g˜ − η2∣∣ = O(r−2)
¯±
∀ k ∈ N∗,
∣∣∣∇k(g − pi∗g˜ − η2)∣∣∣ = O(r−1−k)
³
η2






n−1  Ù  ³µ«#Ùµ«¯
1
­Ø¹
n ≥ 5  Ù ³µ«#Ùµ«#¯ τ ¶³µ´«ó± ³µ´± τ < 1 ­Ø¹ n = 4 ﬁ
	
 D <D + ﬁ	+ éÛè|æµ#é!ﬀ9à8Ł56ö>ñ²ß8àãﬁñ	&9æµãﬁñ#ßﬁãﬁñ889à#	uñ8 8oﬁß8öÛñ²5Û#Łß8uñãﬁ578
õﬁ69ñæµŁßààØ5798&à#ãﬁñêãuµõñ²#ŁßêÛã78>D
ﬂ57àß8ó µõñ8&õﬁ89àŁ57à#²5æµ57àö>ñ² ôŁ²#Łßæµ5ﬁ578ßàuß8ñ69à#ãﬁ²89à#ß8ﬂà#ãﬁŁôµ5 D
 óC7¨)âF  D <D >< F³>¹±
(M4, g)
´°F¯  ¾>«Ø¹ ¬±O¬ 	Ý²¶7¯®«	







¯±ÙÛ³µ°u±	¸ß¯ﬀ ³µ¸ ´¼½¯rÙÛ¯Ø­r·³µ´¸ß¯Ø­ﬀµ¬®«Ø¹ ¯
∀x ∈M, ∀ t ≥ 1, At3 ≤ volB(x, t) ≤ Bt3
¾µ¯





¯9±C´°F¯·®«#¾>±Ú¹Ú³>° ¯° ²¯« ¸ß¯Ø­
pi : M\K −→ (R3\B)/G ﬁE¯/¶l¸ ´­  ¸¾&¼½¬±Ú«®¹Ú»9´ﬁ¯
g
¬®«®¹ }¯ ∣∣g − pi∗g˜ − η2∣∣ = O(r−2)
¯±
∀ k ∈ N∗,
















)8ñoŁ57æµ57àuñ}êÛã78ßêã789à}9æ  85Û²Łñ89àà#ãﬁñóæµFæµßæµö>Łß85ó + Ł575ﬁŁ Dﬁ"ãﬁŁ#85E9æµ57à#Łßõﬁ6ñ8ñ
à6uñ685½ß89à½ßFæµãﬁà/æµ5F8ãﬁà#ãﬁﬁ|æ>à8ñ½êã78
Mn
5%+ Mêã%+ ãﬁ5hß|æµãﬁ D$5à + Ł56ñ89àà8 .
æµ|æµßæµö>Łß8õﬁ8 +,89à#uµ989æµ5ﬁ578 ﬁ8
E = M\K êãﬁŁ Ûõ+ ﬁñﬃﬀ9àß8#é769æµñﬃﬀ8 D <D >= 7ßﬁñ885Ô98ñß89à
ãûOõﬁ89ààã7àrõﬁ8
X = Rn−1\B/G D  + Łßõﬁ8ﬃõﬁ8½ﬀﬁñæ-#89#Łßæµ5 p : X¯ = Rn−1\B −→ X =
R
n−1\B/G /æµ5_|8ãﬁo#Łñ8ñ85ñ#ñ#Łﬁﬀñ8 98#8 7ßﬁñ²#Łßæµ5 pi 85_ãﬁ578 7ßﬁñ²#Łßæµ585h98ñß89à p¯i :
E¯ −→ X¯ Dﬁ+,89à#uµ98 E¯ 89à#ß8ﬂñ8ô6ﬂ885Û 75ﬁŁCõﬁ8 E uõ+,æµñõñ8 |G| 7õﬁ6/75ﬁŁ%uñ
E¯ =
{












X¯ = Rn−1\B   ﬂ8óOèF8ﬂõ+ é7æ æµæµﬁŁß8rêÛã78 Sn−2 D7)oà#ãﬁŁ8&8 7µ8ﬂßæµ5ﬁö>ã78
õ+ é7æ æµæµﬁŁß8rµààæŁß698,;@7ßﬁñ²#Łßæµ5
p¯i
· · · → pii(S1) → pii(E¯) → pii(X¯) → pii−1(S1) → · · ·
ò]æµãﬁñ#5ﬁŁŁ  69õŁ885Û
∀ i ≥ 3, pii(E¯) = pii(Sn−2)
8













0 → pi2(E¯) → Z φm→ Z → pi1(E¯) → 0,
æ)(
φm



























n−2 9æ  8ﬃñ899æµß885Ôõﬁ8ﬃõﬁ8ã 7ßﬁñ²#Łßæµ57ào#ñ#ŁôŁß89à
B
n−2 × S1  + ﬁﬁŁß #Łßæµ5bõﬁ8ñ899æµß885Ûà +,69ñ#Ł
S
n−3 × S1 → Sn−3 × S1











n−3 × S1 8ﬂß8oà#ãﬁﬁ|æ>à8ñ  ﬁ6êÛãﬁŁ#8 ﬃ8/189#ã78ñ&ãﬁ578;ñæµ²#Łßæµ5dõﬁ8 S1 :
ψ(x0, 1) = 1
D%$5bF8ãﬁﬂ6öÛß885&à#ãﬁﬁFæ>à²8ñêã78
ψ(x0, .)



























































n ≥ 5  pin−3(S1) 89à#ﬂ#ñ#ŁôŁ õﬁæµ57oŁ/5%+ èMﬃêÛã%+ ãﬁ578 7ßﬁñ²#Łßæµ5 85Q98ñß89à
|æ>àà#Łßﬁß8}à#ãﬁñ
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Łß8ﬃõﬁ8
R
3\B3×S1 à#ãﬁñ R3\B3 Dµ%8 µà m = 1 89à# 7ßﬁñ²#Łßæµ5õﬁ8!æµò=85ô@æ èÛ5 R4\B4 à#ãﬁñ R3\B3 D
%89à;ãﬁ#ñ89à
m
à + #8Łö>5785Ûo85eêÛã7æµ#Łß85²5Û; 7ßﬁñ²#Łßæµ5eõﬁ8¢!æµòuñ
Z/mZ
å + µ#Łßæµ5_89à#
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  µàõﬁ8 7ö>ãﬁñ8>D

 




M\K 89à R4\B4 8/ 7ßﬁñ²#Łßæµ5Ô8598ñß89à/89à#	æµßﬁ85Ûã78 uñ##Łñ	õﬁ8} 7ßﬁñ²#Łßæµ5
õﬁ8¢!æµò#D)ﬂ57à;98ﬃ µàß8
pi2
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  Ł89à# æµ5Û#ñ6êÛã78ß8.2µ578µàè oﬁæµ#Łßêã78õ+ ãﬁ578ôµñ#Łß66
(Mn, g)














R× R+ åŁ%89à#9æµ5)089#ãﬁñ6&êã78ﬂ98&õﬁ8ñ#5ﬁŁß8ñ µà5%+ ñ#ñ#Łô@8ﬂuµàØë®D
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